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ABSTRACT
The deterioration of concrete bridges has been a major concern for structural 
engineers especially with regard to deterioration caused by the corrosion of steel 
reinforcement. One of the promising avenues to overcome this problem is to take 
advantage of the non corrosive characteristic of the Fiber Reinforced Polymer (FRP) bars 
in reinforcing and/or prestressing concrete bridges. In addition FRP bars have high 
specific strength, i.e., strength to weight ratio, when compared to conventional steel. 
Using FRP bars in a combined system of internal prestressing and external post­
tensioning provides a potential solution to increase the service life of concrete bridges. 
However, due to the difference in the mechanical properties between FRP tendons and 
steel, the flexural behavior of beams prestressed and post-tensioned with internally 
bonded and externally unbonded carbon fiber reinforced polymer (CFRP) tendons is 
different when compared with the behavior of beams prestressed with conventional steel 
bars and/or tendons. Also, as these beams can be post-tensioned with unbonded tendons 
the deflection of the whole system becomes a controlling parameter in the analysis.
An analytical model has been developed to examine the behavior of beams 
prestressed and post-tensioned with CFRP tendons. First, finite element analysis has 
been carried out to calibrate the tension stiffening characteristic of concrete in order to 
take into consideration the difference in the bond behavior between CFRP tendons and 
steel for beams prestressed with bonded tendons. The calibrated tension stiffening is 
used in the analytical model for the proper modeling of the cross-section curvatures and
vi
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deflection calculations. Three analytical approaches that account for the tension 
stiffening of concrete in indirect approaches were also applied to examine the change in 
the post-tensioning force and were compared with the analytical model. These 
approaches use the ACI 440.4R-04 committee recommendation, ISIS equation and CEIB- 
FIP code approach to evaluate the effective moment of inertia used in beam deflection.
Furthermore, results from two experimental programs were used to validate the 
proposed analysis. The first experimental program tested a full scale Double-Tee beam 
(DT-beam) prestressed and post-tensioned with CFRP tendons, and was conducted at 
Construction Technology Laboratories, Skokie, Illinois. This beam is a replica of the 
beams used in the superstructure of the “Bridge Street Bridge” constructed over the 
Rouge River in Southfield, Michigan, USA. The second experimental program was 
conducted at Lawrence Technological University, Southfield, Michigan, USA for box 
beams prestressed with internally bonded and externally unbonded CFRP tendons to 
examine the behavior of these beams.
vii
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The deterioration of prestressed concrete bridges due to the corrosion of steel is 
one of the major problems that reduce their service life. Efforts are now directed at using 
Fiber Reinforced Polymers (FRP) to reinforce or prestress concrete structures with a view 
of providing more durable bridges. The potential use of FRP in lieu of steel in 
prestressing bridges is increasing rapidly and much of this potential is due to the 
outstanding characteristic of FRP as a non-corrosive material. This characteristic 
motivated the structural engineers to also use it in external prestressing.
1.2 Introduction to FRP
The main groups of Fiber Reinforced Polymers (FRP) which are used in 
structures are Carbon Fiber Reinforced Polymer (CFRP), Glass Fiber Reinforced 
Polymer (GFRP) and Aramid Fiber Reinforced Polymer (AFRP). In all groups, FRP is 
obtained by inserting high strength fiber in polymer matrix. The main role of the 
polymer matrix is to act as binder material for the fibers and to transfer the stress between 
the reinforcing fibers.
1
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1.2.1 Carbon Fiber Reinforced Polymer
Carbon fibers are the most commonly used fibers; they are classified into two 
types depending on the raw material used for their manufacturing. The first type is Pitch- 
based which is a by-product of petroleum refining and the second type is Pan based, 
which is made of Polyacrylonitrile material. Carbon fibers can be classified also 
according to their tensile modulus and tensile strength; they can be produced as high 
tensile modulus fibers or high tensile strength fibers and they have a linear stress-strain 
relationship. The tensile strength for carbon fibers ranges from 2250 MPa to 2550 MPa 
and the tensile modulus ranges between 142 GPa to 150 GPa (ACI 440.4R).
1.2.2 Glass Fiber Reinforced Polymer
Glass fibers are available in three main types namely; the E-Glass, S-Glass 
and the C-Glass. The E-Glass is used in electrical engineering applications. S-Glass is 
developed mainly for structural engineering applications and has a greater resistance to 
alkali in comparison to E-Glass. The C-Glass is used in applications that come in contact 
or contain acidic materials due to its chemical stability. Glass fibers have linear stress- 
strain relationship. The tensile strength for carbon fibers ranges from 1380 MPa to 1720 
MPa and the tensile modulus ranges between 72 GPa to 86 GPa (ACI 440.4R).
1.2.3 Aramid Fiber Reinforced Polymer
Aramid fibers have high tensile strength but poor fatigue and creep resistance. 
There are several types of Aramid fibers; the two most common ones used in structural 
engineering applications are Arapree and Kevlar 49. The tensile strength of the Arapree
2
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ranges from 1200 MPa to 1500 MPa and its tensile modulus ranges from 62 GPa to 64 
GPa. For the Kevlar 49 its tensile strength ranges from 1200 MPa to 1900 MPa and its 
tensile modulus ranges from 120 GPa to 130 GPa (ACI 440.4R).
1.3 Unbonded Prestressing and General Overview of the Problem
Beams that are prestressed and post-tensioned with a combined system of 
internally bonded and externally unbonded CFRP tendons have a unique problem when 
compared with beams prestressed with internally bonded tendons only. The use of the 
tendon outside the concrete section implies the absence of bond between the concrete and 
the prestressing tendon. The force transfer mechanism from an unbonded post-tensioned 
tendon to the beam is mainly through the end anchorage and at the deviation points and 
that is different from an internally bonded prestressed tendon in which the force is 
transferred by the bond developed between the tendon and the surrounding concrete. 
This gives rise to an additional level of difficulty when analyzing beams that are 
prestressed and post-tensioned with bonded and unbonded tendons.
Beams that are prestressed with bonded tendons can be analyzed using the strain 
compatibility approach. The strain compatibility approach utilizes the perfect bond 
assumption to simplify the analysis at the section of maximum moment where the force 
equilibrium and the strain compatibility equations can be solved for the stresses in the 
concrete and in the bonded reinforcement. This assumption approximates the actual bond 
between the tendon and the surrounding concrete yet it is accurate enough to predict the 
overall behavior of beams prestressed with bonded tendons.
3
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However, beams that are pretsressed with both bonded and unbonded tendons 
cannot fully utilize the assumption of the perfect bond between the concrete and the 
bonded prestressing, as the entire beam structure can slip with respect to its unbonded 
tendons and the deflection of the beam affects the strain increase in the unbonded 
tendons. Therefore, the analysis has to consider not only the strain compatibility 
approach but also the overall deflection of the concrete member as an additional 
characteristic in order to predict the load versus deflection response of the whole system.
1.4 Research Needs and Gaps
There are several research needs in the area of beams prestressed and post- 
tensioned with internally bonded and externally unbonded CFRP tendons. This is due 
to the lack of rational analytical models that are capable of following the flexural 
behavior of these beams throughout the different stages of loading. Several studies 
(Warwaruk et al. 1962, Pannell 1969, Tam and Pannell 1976, Du and Tao 1985) were 
carried out to solve the problem at the ultimate state by conducting experimental 
testing and using lower bound curve fitting in order to develop a formula that can 
predict the stress in the unbonded tendons at failure. Most of these formulae were 
either based on one type of loading or on the span-to-depth ratio thus limiting their 
use for more general cases. Naaman and Alkhairi (1991) showed that the different 
equations developed to predict the stress at failure in the unbonded tendons tend to 
produce a large scatter in the data when plotted against experimentally observed 
results.
4
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Also, the difference in modulus of elasticity and the bond characteristics between 
CFRP tendons and steel tendons leads to different behavior in beams and additional 
work is needed to predict the complete load versus deflection response for theses 
beams. Therefore, there is a need for an analytical model that can account for the 
different bond behavior and also capable of following their response starting from 
zero load up to failure.
1.5 Research Objectives
The following are the objectives of the present study:
(1) Develop an analytical model to predict the flexural behavior of beams prestressed 
and post-tensioned with a combined system of bonded and unbonded CFRP tendons 
and also studying the effect of different magnitudes of tension stiffening on the 
behavior of these beams.
(2) Determine the magnitude of the tension stiffening characteristic, average tensile 
strains after cracking, for beams prestressed with bonded CFRP tendons as they 
develop different bond behavior compared to beams prestressed with conventional 
steel.
(3) Compare the post-tensioning force obtained from the analytical model with the 
results from the available experimental work.
(4) Compare the effective rigidities of beams prestressed and post-tensioned with 
CFRP tendons calculated according to ACI 440, ISIS and CEB-FIP (1990) equations 
with the analytical model and the experimental investigation.
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(5) Compare the post-tensioning force induced in the external unbonded tendons due 
to beam deformation which is calculated according to ACI 440, ISIS, and CEB-FIP 
(1990) equations to estimate the effective moment of inertia with the post-tensioning 
force obtained from the analytical model and experimental investigation.
(6) Compare the flexural behavior of beams prestressed and post-tensioned with 
CFRP tendons using ACI 440 equation to estimate the effective moment of inertia 
with ISIS and CEB-FIP (1990) approaches.
(7) Compare the post-tensioning force induced in the external unbonded tendons due 
to beam deformation which is calculated according to ACI 440 equation for the 
effective moment of inertia with ISIS and CEB-FIP (1990) approaches.
1.6 Research Methodology
The objective of this study is to develop a model for the analysis of beams 
prestressed and post-tensioned with a combined system of internally bonded and 
externally unbonded CFRP tendons. This objective is reached through the following 
methodology:
(1) Conduct finite element analysis to calibrate the tension stiffening characteristic for 
beams bonded with CFRP tendons as they develop different bond behavior when 
compared with beams prestressed with conventional steel. The new calibrated 
tension-stiffening curve is used in the analytical model to calculate the moment- 
curvature relation at various locations on the beam span taking into consideration the 
effect of tensile stresses in the concrete in the cracked zone. The calculated 
curvatures are numerically integrated to calculate the deflection which is a controlling
6
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parameter in the analysis due to the relative slippage between the externally 
prestressed tendon and the beam deviators.
(2) Develop an iterative approach for non-linear analysis to track the behavior of the 
beam through different loading stages.
(3) Compare the analytical model with different analytical approaches.
(4) Validate the analytical model with the available experimental results.
(5) Develop a simple design procedure for beams prestressed and post-tensioned with 
CFRP tendons.
7




The behavior of concrete beams prestressed with external unbonded tendons 
should be clearly understood before proposing a method of analysis to predict their 
behavior. This chapter presents a literature review of the subject and highlights the main 
differences between beams prestressed with bonded tendons and beams post-tensioned 
with unbonded tendons. It also points out the differences between beams post-tensioned 
with internally unbonded tendons and with externally unbonded tendons. This chapter 
also reviews the different equations developed to predict the stress at failure in the 
unbonded tendons through experimental work undertaken by different researches. It also 
deals with the finite element models and the analytical models developed to investigate 
the flexural response of bonded and unbonded prestressed beams.
2.2 Bonded and Unbonded Prestressing
The method of analysis of concrete beams prestressed with bonded tendons is 
well established (Naaman 1977 and 1982, Lin and Bums 1981 and Collins and Mitchell 
1990). The main assumption in the analysis is the compatibility of the strain between the 
concrete and the bonded prestressing tendon. This assumption is no longer valid for the 
case of beams with post-tensioned unbonded tendons due to the relative slippage between 
the concrete member and the unbonded tendon. Herein, the strain in the unbonded
8
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tendon is constant along the length of the tendon while the strain in the concrete varies 
along the beam span. The compatibility condition now becomes that the change in the 
overall length of the unbonded tendon between the end anchorages must be equal to the 
total change in the length of the concrete at the level of the tendon from one end 
anchorage to another.
2.3 Internal and External Unbonded Prestressing
Concrete structures with post-tensioned unbonded tendons can take either of two 
of forms; internal unbonded or external unbonded. An internal unbonded tendon is 
placed in a duct embedded inside the concrete section and left without grouting while an 
external unbonded tendon is placed outside the concrete section and the tendon profile is 
dictated by the location and the size of the deviators located along the beam span. 
Concrete beams with internally unbonded tendons behave differently compared to beams 
with external unbonded tendons. The main difference is that the internally unbonded 
tendon follows the deflected shape of the beam at all points along the beam span while 
the deflection of an external unbonded tendon follows the deflection of the beam at the 
deviator points only. Consequently, the displacements at these deviator points are 
essential to determine the deformed configuration of the unbonded tendon from which the 
strain, stress and the force in them can be calculated.
There are another two main differences between beams prestressed with internal 
unbonded prestressing and external unbonded prestressing which are the eccentricity
9
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variations and the friction at the deviator points. The following sections highlight these 
differences.
2.3.1 Eccentricity Variations of an Externally Unbonded Tendon (Second Order 
Effects)
When loading is applied to concrete beams prestressed with internal unbonded 
tendons the eccentricity of the tendon with respect to the beam section remains constant 
throughout the loading. Figure 2.1 shows a concrete beam prestressed with internally 
bonded straight tendon before and after loading. The eccentricity of the tendon at any 
section away from the support at any loading stage and at any succeeding loading stage 
remains the same since the deflection of the center of gravity of the beam along the span 
is equal to the deflection of the tendon.
For the case of an externally unbonded tendon the deflection of both the center of 
gravity line and the external unbonded tendon is different for any section along the beam 
span form one loading stage to the next and they are only equal at the deviators. Figure
2.2 shows that when the applied load increases, a loss of eccentricity may take place at 
the mid span section and if this loss is not taken into account the ultimate load carrying 
capacity of the beam will be overestimated (Naaman and Alkhairi 1991). Naaman and 
Alkhairi (1991) carried out a study in which they derived equations for the change of 
eccentricity for beams prestressed with external unbonded tendons based on geometrical 
relationships between the deflected shape of the beam and the tendon profile. They also 
derived equations for straight, single harped and double harped point tendon profiles and
10
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they concluded at the end of their study that for span-to-depth ratios less than 16 the 
eccentricity variations are very small and can be neglected without affecting the analysis; 
however, for span-to-depth ratios ranging from 45 to 57 the loss of eccentricity becomes 
significant and has to be accounted for in the analysis.
2.3.2 Effect of Friction and Slip
The loss of force due to friction between the tendon and beam is smaller in case 
of external unbonded tendons compared to the loss in internal unbonded tendons (Picard 
et al. 1995, MacGregor 1989 and Combault 1998). This is due to the shorter length of 
contact between the tendon and the deviator compared to the length of the beam span in 
which friction occurs for the case of internal unbonded tendon. Also, the use of grease, 
wax and neoprene cushions with Teflon between the external unbonded tendon and the 
deviator minimizes the effect of the friction. In view of the above mentioned reasons, 
most of the studies either ignored the effect of friction between the tendon and the 
deviator (Naaman and Alkhairi 1991, Fenves 1986 and Sowlat and Rabbat 1987) or 
considered two limits in the analysis; either full fixity between the tendon and the 
deviator or the tendon is free to slip with respect to the deviator. Ramos and Apriacio 
(1996) carried out an analysis considering these two limits and they concluded that these 
two limits give the maximum and minimum values of the force in the external tendon, 
respectively. They also concluded that the possibility of the tendon slipping at the 
deviator becomes higher as the applied load approaches the ultimate state, thus ignoring 
friction will not affect the failure load and they confirmed this behavior by experimental 
work which they conducted on simple beams with deviators located at one third points
11
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(Ramos and Apriacio 1996). Some studies included the effect of friction at the deviators 
in the analysis (Rao and Mathew 1996). It was concluded that the load at which the 
tendon slips depends on the magnitude of the coefficient of friction between the tendon 
and the deviator; however, arriving at the correct value for the coefficient of friction is 
difficult as pointed out by Ramos and Apriacio (1996). For practical applications, beams 
with external post-tensioned unbonded tendons are either designed with the tendons fully 
fixed to the deviators or free to slip with respect to the deviators.
2.4. Experimental Work to Estimate the Stress in Unbonded Tendons
The 1963 edition of the ACI 318 code limits the stress in the unbonded tendons at 
beam failure by the following equation,
f p s = f p e + 15 ksi (2.1)
where /  is the effective post-tensioned force in the tendon and /  is the stress in the
unbonded tendon at beam failure. This equation represented the lower bound for different 
studies done by Gifford (1954), Janney et al. (1956) and Warwaruk et al. (1962) as 
pointed out by Mattock et al. (1971)
Warwaruk et al. (1962) conducted an experimental program in which they tested 
eighty two simply supported rectangular prestressed beams; forty one of these beams had 
unbonded tendons. The main variables investigated were the amount of reinforcement, 
the concrete compressive strength and the type of loading. They noted that beams having 
no supplemental reinforcement failed by one major crack at the section of maximum 
moment and those with supplemental reinforcement developed multiple cracks before
12
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failure. From their experimental investigation they concluded that at the beam failure, 
the stress in the unbonded tendons should be related to the concrete strength and the 
reinforcement ratio. They proposed the following equation:
where p  is the prestressing reinforcing ratio , f'c is the concrete compressive strength 
and /  is the ultimate strength of the unbonded tendon. They also concluded that the 
ACI 318 equation (Eq. 2.1) was too conservative.
Mattock et al. (1971) conducted an experimental investigation of the effect of 
non-prestressed bonded reinforcement on unbonded post-tensioned beams. They also 
examined the amount required for that bonded reinforcement, their distribution and the 
related width of cracks. The experimental program included testing seven simply 
supported beams having a span of twenty eight feet and three beams continuous over two 
spans of twenty-eight feet each. The span to depth ratio was fixed at 33.60 for all beams. 
They concluded that bonded reinforcement of a minimum amount of 0.40 % of the beam 
cross-section should be provided and also that the distribution and the width of cracks 
developed in unbonded beams were similar to those developed in bonded beams if 
additional non-prestressed reinforcement is provided. They proposed the following 




f pe < 0.60/p„ (2.2b)
+10000 psi (2.3)
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This equation was later adopted after slight modifications by the ACI 318 code in 1971 
and 1977 editions as follows,




f p s  -  f p e  + 60,000 (2.4b)
Du and Tao (1985) conducted an experimental investigation to study the effect of 
non-prestressed reinforcement, concrete compressive strength and the prestressing ratio 
on the stress in the unbonded tendons at failure. They tested twenty two post-tensioned 
beams with unbonded tendons with a fixed span to depth ratio of 19.1. Based on their 
experimental program they proposed the following equation:
M  (2.5a)
provided that,
A f y  + A f pt
b d j :
<0.30
(2.5b)
0.55 fpy < f pe < 0.65 f py (2.5c)
f p s  ^  f p y  (2.5d)
The Canadian code CSA A23.3 (1994) recommends Eq. 2.6 to estimate the stress 
in the unbonded tendon at failure. The equation includes parameters to account for 
concrete strength, span-to-depth ratio and yield strength of bonded and unbonded 
reinforcement:
14
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f p s = f pe+ ^ ( d P, - Cy) ksi (2.6a)
(2.6b)
ps — J  py (2.6c)
<t>Ps A p s f Py  + <t>sA s f yp  sJ  p Ts (2.6d)
0.85 M f l b
</>ps, <j)s and^c are the resistance factors for the prestressing steel, non-prestressing steel 
and concrete, respectively.
2.5 Analytical and Finite Element Models
Mojtahedi and Gamble (1978) developed an analytical model taking into 
consideration the span to depth ratio as an additional factor. They developed an analytical 
model of a conceptual triangular truss having two compressive symmetrical members and 
a tie shown in Figure 2.3 to simulate a cracked beam prestressed with unbonded tendons. 
Their analysis showed that the strain in the tie decreases as the span-to-depth ratio 
increases. They also concluded that for span-to-depth ratios approximately forty five, the 
equations suggested by Warwaruk et al. (1962) and Mattock et al. (1971) overestimate 
the increase in the stress in the unbonded tendons at low reinforcement ratios and 
underestimate it at low span-to-depth ratios. Based on their analytical model Mojtahedi 
and Gamble developed the following equation that takes into consideration the effect of 
span to depth ratio:
(2.7a)
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/„ = /„ + « 0 ,0 0 0  for £ 35 (2.7b)
ps
/*= /„+ 30 .000  fOT y ^ > 35 (2-7c)
“ ps
where v  = 100 for —— < 35 and v  = 300 for —:— > 35, L is the span, d  is the depth 
d d** ps ** ps
from the extreme compression fiber to the centroid of the prestressing tendon. This 
equation was adopted by the ACI 318-83.
Fenves (1986) proposed a finite element analysis for externally prestressed segmental 
concrete bridge beams taking into consideration material non-linearity. Fenves proposed 
three elements for the analysis:
a) Beam element with six degrees of freedom, three at each node representing 
translations in the horizontal and vertical directions and a rotation.
b) The external tendon is considered as an element with a small moment of 
inertia and with one translational degree of freedom at each node. It was also 
assumed in the analysis that the tendon is fixed at the deviators.
c) The joint is modeled as an element with four degrees of freedom; one 
horizontal translation and rotation at each end to represent the joint opening.
Regarding the analysis, the load is applied in increments and at each increment the 
tangent stiffness matrix of the structure is updated. The nodal displacements due to the 
applied loads are calculated by iteration; however, he did not explain the iteration scheme 
used.
16
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Harajli (1990) presented a theoretical model based on compatibility to evaluate 
the effect of the span to depth ratio and the loading configuration on the prediction of the 
stress in the unbonded tendons at failure. He concluded that increasing the span to depth 
ratio reduces the stress in the unbonded tendon in magnitude depending on the length of 
the constant moment region. He also concluded that beams loaded with a single 
concentrated load encountered the highest reduction in the ultimate stress with increasing 
span to depth ratio and he proposed the following equation,
f p s  -  f p e  +
f  j . ,  \
10,000 + ; Jc
r 8 N 
0.40+ -
L ' d Ps j
ksi (2.8a)
f p s  £  f p y  (2.8b)
f p s < f p e +  60,000 (2.8c)
The author indicated at the end of his study that the proposed equation is very 
conservative for the case of simply supported beams loaded with a third point or uniform 
loading.
Naaman and Alkhairi (1991) introduced the concept of the bond reduction to 
predict the stress in unbonded tendons for the uncracked and the cracked state for 
concrete. Their approach is based on reducing the analysis of beams prestressed with 
unbonded tendons to those prestressed with bonded tendons by using a proposed strain 
reduction coefficient. The bond reduction coefficient is defined as follows:
Q = (^£ f f A L ( 2 9 )
lAs 4 „
17
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
where (ae b )m is the strain increase in the unbonded tendon and {&£psh) is the strain
increase in the equivalent bonded tendon at the section of maximum moment. The bond 
reduction coefficient is bounded between zero and one; a zero value represents a 
hypothetical zero bond and a value of one represents the case of full bond. In a later 
study undertaken by the same authors Alkhairi and Naaman in (1993) they proposed an 
analytical model to predict the moment versus deformation for beams prestressed with 
unbonded tendons.
Rao and Mathew (1996) outlined a procedure of analysis for post-tensioned 
concrete beams that takes into consideration the variation of stress in the unbonded 
tendons due to the deflected shape of the beam. They also studied the effect of multiple 
deviators and the possible friction of the tendon at the deviation point on the behavior of 
the system. The analysis is based on the assumption of a constant concrete stress for 
strain levels between 0.002 and 0.0035.
Grace and Singh (2003) presented a non-linear analytical approach to examine the 
behavior of beams prestressed and post-tensioned with bonded and unbonded tendons 
from the onset of cracking to the ultimate failure. Their approach uses a parabolic stress- 
strain relationship for concrete, Eq. 2.10, to account for the non-linear behavior of 
concrete in compression. The non-linear response is based on the incremental strain 
approach in which the force equilibrium is achieved at each load level and the curvatures 
are calculated along the span of the beam and then numerically integrated to obtain the 
corresponding deflection.
18
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f c = f c
f  \ 2 
£ ■ „
K £ o J
(2.10)
Ramos and Aparicio (1996) presented a paper dealing with a finite element model 
that can analyze simply supported or continuous, monolithic or segmental bridges 
prestressed with internal bonded and external unbonded tendons. The model has three 
main elements; reinforced concrete beam element with six degrees of freedom at each 
node, prestressing elements, and joint elements for segmental bridges. The external 
prestressing tendons are divided into straight segments attached to the concrete by rigid 
links that are allowed to move and rotate with the cross-section. For the internal 
prestressing the segments are attached to the nodal points of the structure directly. The 
model takes into consideration the non-linear behavoiur of the concrete; however, shear 
deformations are neglected. Regarding the interaction between the external prestrssing 
tendon and the deviators, the model assumes two extreme cases; either the tendons are 
free to slip with respect to the deviators or they are fully fixed at the deviation points. 
For the first case the free slippage causes a reduction in the ultimate load carrying 
capacity keeping the strain in the unbonded tendons at its minimum. The second case 
gives the maximum ultimate load carrying capacity as that induces higher forces in the 
unbonded tendons.
Ariyawardena and Ghali (2002) developed a finite element model in order to 
predict the behavoiur of beams prestressed with bonded and unbonded tendons. In the 
proposed model, the concrete structure is modeled as short prismatic plane frame
19
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members connected at the nodes. The external tendon is considered as a plane frame with 
a negligible moment of inertia connected to the structural nodes by rigid links. The 
analysis accounts for the non-linear stress-strain relationship of concrete and calculates 
the forces in the unbonded tendons whether they are free to slip at the deviators or there 
is friction between them.
20
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Center of gravity of the beam
i  X i
Internal unbonded tendon
Center o f  gravity o f  the beam
Internal unbonded tendon
Fig. 2.1. Beam prestressed with internal unbonded tendon
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Center o f gravity o f  the beam
1 1
External unbonded tendon
Center o f  gravity o f  the beam
External unbonded tendon
Fig. 2.2. Beam prestressed with external unbonded tendon
Compression Strut
Tie
Fig. 2.3. Proposed analytical model by Mojtahedi and Gamble 1978
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The prediction analysis of beams prestressed and post-tensioned with a system of 
bonded and unbonded tendons is governed by the load-deflection behavior of the 
beam and is a challenging problem. Careful consideration has to be given to the 
following factors:
a) The non-linear behavior o f concrete in compression.
b) The formation of random flexural cracks and the post-cracking behavior of 
concrete in tension.
c) The relative slippage between the external unbonded tendons and the entire 
beam structure.
The analytical model presented in this study can predict the complete load versus 
deflection taking into consideration the above mentioned factors. The model uses an 
iterative procedure and performs non-linear force equilibrium and non-linear moment 
equilibrium at various locations along the beam span. This analysis is carried out 
several times at each load increment until the force in the unbonded tendons is 
calculated within a reasonable tolerance. The unbonded tendons slip with respect to 
the beam deviators and the force in them depends on the deflection of the beam which 
is a function of the curvature distribution in the uncracked and cracked zones. The
23
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proposed analysis calculates the curvature more accurately and this is achieved by the 
accounting for the tension-stiffening characteristic in the concrete which smears the 
effect of cracks and take the tensile stresses in the concrete into consideration.
3.2 Tension Stiffening
Tension stiffening is defined as the contribution of the tension in the concrete 
between the cracks to the stiffness of the beam. The tension stresses in the concrete 
between two adjacent cracks reduce the cross-section curvature at these locations and that 
increases the overall stiffness of the beam when compared to its cracked stiffness. 
Tension stiffening effect is dependent on the reinforcement ratio, diameter of the 
reinforcing bars, the reinforcement distribution, the tensile strength of the concrete and 
most importantly, the bond between the reinforcement and the concrete.
Herein, the developed analytical model uses a tension stiffening curve that 
consists of two portions, an ascending portion and a descending portion as shown in 
Figure 3.1. The ascending portion relates the tension stress in the concrete to the strain 
before the development of cracks and its peak corresponds to rupture stress of concrete in 
tension. The descending portion defines the relation between the average tensile stresses 
and strains, after concrete reached its maximum tensile strength, and cracks have 
developed. Prakhya and Morley (1990) stated in their studies that the descending part of 
the strain in beams reinforced with steel approximately ranges from five times to twenty 
times the elastic strain. Due to the difference in the bond characteristics between CFRP 
tendons and steel tendons, the descending part of the strain in the tension stiffening curve,
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has to be calibrated for the appropriate modeling of the post-cracked behavior of concrete 
in the analytical model. In order to calibrate the tension-stiffening, finite element 
analysis was carried out for two box beams prestressed with a combined system of 
bonded and unbonded CFRP tendons, shown in Figure 3.2. Different configurations for 
the tension stiffening curve, Figure 3.3, were introduced into the finite element analysis. 
By choosing different slopes for the descending portion of the tension stiffening curve, 
the fracture energy of the finite element model can be matched with the fracture energy 
obtained from the experimental testing. The tension stiffening curve is then used in the 
analytical model to calculate an average value for the tensile stresses for the concrete in 
the cracked regions to simulate the interaction between the concrete and the CFRP tendon 
due to the bond action.
3.3 Finite Element Analysis
Much of the popularity of the finite element stems from its powerful numerical 
ability to model continuums regarding the arbitrary structural arrangement of their 
components and also its ability to describe mathematically the material of the continuum. 
The finite element program “ABAQUS” is used in this study to predict the linear and the 
nonlinear response of concrete beams prestressed and post-tensioned with CFRP tendons. 
A brief description of the ABAQUS program and the finite element modeling of two box 
beams prestressed and post-tensioned with CFRP tendons is presented in this chapter. 
More about the finite element method and its formulation is found in detail in Bathe 
(1996) and Zienkeiwicz (1977).
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ABAQUS has an extensive library of elements and also a large number of 
material models that can simulate the behavior of most materials. The input file for 
ABAQUS contains model data and history data. Model data describes the finite element 
model and contains node co-ordinates, elements, element properties and material 
definition. History data defines the history or the sequence of loading imposed on the 
structure and this history is divided into a sequence of steps in order to be able to track 
the nonlinear response of the structure.
3.3.1 Geometric Modeling
ABAQUS is used to model two box beams prestressed and post-tensioned with a 
combined system of bonded and unbonded CFRP tendons. Each box beam consists of a 
top slab, bottom slab, three webs and two end diaphragms. They are all modeled using 
four node shell element (S4R) available in ABAQUS library. The shell element has six 
active degrees of freedom at each node; three displacements and three rotations and it 
allows for transverse shear deformation.
3.3.2 Material Modeling
3.3.2.1 Internal Bonded Tendons and External Unbonded Tendons
The internal prestressing is modeled using the REBAR option together with the 
INITIAL CONDITION option in ABAQUS. By using the REBAR option, the internal 
prestressing acts as an additional smeared stiffness distributed through the thickness of 
the shell element and the INITIAL CONDITION option is used to apply an initial stress
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to the prestressing tendon. The external prestressing is modeled using three-dimensional 
two-node truss element that has three degrees of freedom at each node.
3.32.2 Concrete Modeling
The concrete material model used is based on the model proposed by Lubliner et 
al. (1989), which is modified later by Lee and Fenves (1998). This concrete model uses 
plasticity-damage coupled formulation to simulate the stiffness and strength degradation 
of concrete in tension and compression. The damaged plasticity model in ABAQUS was 
chosen for the calibration process of the tension stiffening characteristic as changing the 
element size for the same tension stiffening curve does not affect the overall behavior of 
the beam ABAQUS (2005). To ensure that the changing the element size for the same 
tension stiffening curve will not affect the overall response of the box beams, two finite 
element meshes, Figure 3.4, were used in the calibration process. Figure 3.28 shows the 
overall response of the box beam LP3 obtained for the finite element for the two different 
mesh sizes. The formulation of this material model is based on the modification of the 
elasticity tensor simulating degradation as well as a plastic deformation. Using the tensor 
notation, the stress-strain relations are governed by the following expression:
<r = M ( d ) : DeJ  : ( e - e pl) (3.1)
where M{d)  is the damage tensor and D"1 is the initial undamaged elastic tensor of the 
material and s pl is the plastic part of the strain.
In this study, damage is considered to be isotropic and a scalar damage 
variable, d , is used and the damage tensor reduces to this scalar. The damage variable, d,
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will include both tension and compression degradation. The damage associated with 
tension and compression are represented by two separate damage variables dt and dc, 
respectively. The tension and compression damage variables are associated with the 
fracture energy associated to the corresponding damage process. The value for, d, varies 
between zero for non-damaged material and one for completely cracked concrete. In the 
context of isotropic damage, Eq. 3.1 reduces to, 
cr = ( l - d ) a  = ( l - d ) D eJ  : ( £ - s pl) = D : ( s - s pl) (3.2)
Here <f is called effective stress and D = (1 -  d)DeJ  is the degraded elastic stiffness and 
the term ( \ - d )  in Eq. 3.2 represents the ratio of the effective area (i.e. the overall area 
minus the damaged area) to the overall area. For monotonic loading, the damage variable 
is expressed as:
d  = l - ( l - d ' ) ( l - d , )  (3.3)
The yield surface is expressed in terms of the effective stresses as follows:
F ( v ,£ p,) = - ^ ( q - 3 a p  + /i(cTmax} ) - a c (3.4)
1 - a  v '
where p  and q are the effective pressure stress and the von Mises equivalent deviatoric 
stress respectively, and a  is a constant and is defined as follows:
-  =  JbcLz f c o _
f  co
where f b0 and f co are the biaxial compression yield stress and the uniaxial compression 
yield stress respectively, p  is a function that depends on a  and also on the damage
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variables in compression and tension. The stress <JmaK is the algebraically maximum 
principal stress and <rc is the effective compression stress.
3.4 Solution Control
ABAQUS performs equilibrium iterations at each load step and does two 
convergence checks before ceasing the iterations. These two convergence checks are the 
load convergence check and the displacement convergence check. The load convergence 
checks that the residual force which is the difference between the external applied load 
and the internal force is smaller than a defined residual force tolerance set by ABAQUS. 
The second convergence check is concerned with the incremental displacement, as the 
difference between the displacement at the end and at the beginning of the iteration has to 
be less than 1 percent. Both convergence checks must be satisfied before the structure is 
said to be in equilibrium for a particular load step.
After conducting the finite element analysis, the average tensile strain in the 
tension stiffening curve after concrete had reached its maximum tensile strength was 
found to be approximately 40 times the strain before cracking. The calibrated tension 
stiffening curve is then used in the analytical model to smear the effect of cracks and 
calculate an average value for the tensile stresses in the cracked regions thus allowing for 
a more accurate degraded response for the concrete.
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3.5 Analytical Model
The proposed model uses the tension-stiffening characteristics to smear the effect 
of cracks and take the tensile stresses in the concrete into consideration. The boundary 
and the location of the smeared cracked region have to be determined, as shown in Figure
3.5. The smeared cracked region is determined by calculating the distance form the 
support at which the cracking moment will be equal to the externally applied moment. 
Then it is subdivided into small smeared cracked zones and the analysis starts at the 
boundary of the first smeared cracked zone, located at the beginning of the smeared 
cracked region, by assuming the value of the concrete strain in the top fiber and also 
assuming the post-tensioning force. The depth of the neutral axis is then incremented 
until the force equilibrium is satisfied. Herein, the tension force in the concrete is 
considered as a component in the force equilibrium. By assuming that the strain is linear 
over the cross-section, the strain in the concrete at the level of the tendon, for a particular 
smeared cracked region, can be calculated and used to calculate the corresponding 
tension stress in the concrete using the tension stiffening curve. After the force 
equilibrium is satisfied the equilibrium between the induced internal moment and the 
applied external moment has to be checked and if it is not satisfied the top concrete strain 
has to be readjusted (for the assumed post-tensioning force). The above procedure is 
repeated until both the force and the moment equilibrium are satisfied and thereafter the 
curvature of the cross-section at the boundary of the element is calculated.
The above procedure is then repeated at the boundary of the next smeared cracked 
region and so on until the curvatures are calculated at the boundaries for all the smeared
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cracked regions. These curvatures are then numerically integrated to obtain the 
deflection of the prestressed beam (Collins and Mitchell 1990). Knowing the original 
length and configuration of the post-tensioning tendon its strain is calculated, as well as 
its stress and the force induced by its new deformed shape due to the deflection of the 
beam. The calculated force is compared to the assumed value with a preset tolerance of
1.5 %. To obtain the complete response for the beam additional points are generated on 
the load deflection curve by increasing the load level through increasing the top concrete 
strain. The above mentioned procedure is repeated until the ultimate load carrying 
capacity of the beam is reached either by the rupture of the tendons (internal or external) 
or by the crushing of the concrete.
3.5.1 Assumptions for the Analytical Model
The assumptions for the analytical model are summarized as follows:
a) Plane sections remain plane after bending. This assumption states that the strain 
distribution along the beam cross-section is linear, i.e., the strain is linearly 
proportional to the distance from the neutral axis.
b) The model is a smeared crack model, i.e., it does not track any individual crack but 
smears the effect of cracking using the calibrated tension stiffening characteristic 
curve.
c) The non-linear stress-strain relationship for concrete in compression follows the
parabolic equation f c = f'c
I s . f  \s„
2'
c c
S o U J
(3.6)
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d) The stress-strain relationship for the carbon fiber material is linearly elastic up to 
failure.
e) The model is assumed to be reinforced with vertical stirrups necessary to resist shear 
forces.
f) Shear deformations are neglected.
3.5.2 Step-by-Step Description of the Model
In this section, a step-by-step description of the analytical model is presented and 
all the related equations regarding the force equilibrium and the moment equilibrium are 
presented.
Step a. Location of the cracking moment
Calculate the distance from the support at which the cracking moment will be equal to the 
externally applied moment as obtained from the moment diagram to determine the 
beginning of the smeared cracked region.
Step b. Cracked zones
Divide the length of the cracked zone into small cracked regions. The analysis will start 
at the first cracked region located at the boundary between the cracked zone and the 
uncracked zone.
Step c. Post-tensioning force 
Assume the post-tensioning Force (Tuhp).
Step d. Force equilibrium
d-1) Assume the top concrete strain ( sc{i J})
d-2) Assume the depth of the neutral axis ( c{l J))
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d-3) The uniaxial stress-strain relationship of concrete in compression, shown in Figure 
3-6, is used in calculating the top concrete stress and the compression force in the 
concrete. The compression force in concrete is calculated by integrating the stress over 
the compression zone of the cross-section,
where f'c is the ultimate compressive strength of concrete in uniaxial compression, 0(iJ) is 
the curvature of the cross-section, y  is the position of the considered concrete fiber 
within the section. The subscript (/) defines the load increment number and (J) defines 
the location on the beam span in which the force equilibrium is calculated.^ is the
concrete strain corresponding to the ultimate compressive stress of concrete and it is 
given by Eq. 3.8 Park and Pauley (1975),
d-4) The compression force in the non-prestressed reinforcement tendons in the top 
flange is calculated by Eq. 3.9,
where scl{j f) is the top concrete strain, dt is the depth of the CFRP tendons measured 
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concrete fiber, ECF is the modulus of elasticity for the CFRP tendons and A is the area
of the non-prestressed CFRP tendons in compression. 
d-5) The total compression force is equal to,
r
T(iJ)
f c  b<j>(ij)C( i j )  [-) _  h ‘J)C(‘j )  1 ̂  „ (d "Pc ~ C{i j ) )+ W  ^ ' ApcEcr (3.10)
c d,j)
d-6) By assuming that the strain is linear over the cross-section, the increase in the strain 
in the concrete at the level of the prestressed tendon is calculated and is added to its 
effective pre-strain to obtain the total strain in them. The force in the bonded prestressed 
CFRP tendon is calculated as follows,
T - s  E A +s  __CSU)1 a v  n  i n1 bp(i,j) ~  ebp CF bp ^  b cl( i , j)  J i bpr 'CF W - 1 U
C(‘J )
where£ebpis the effective pre-strain in the bonded CFRP te n d o n s ,^  and dbp are the
area and the depth of the bonded prestressed tendons respectively.
d-7) The force in the non-prestressed reinforcement in the tension is calculated,
t  - F ^ npl c(i j^  E A n  12^np(i,j) c l ( i j )  CF npl
C ( U )
d-8) The equation of the descending portion of the tension stiffening curve is used to 
calculate the tension stress in the concrete,
f  t( i j f  f t  ~  (£t(i,j)~st (3.13)
where f '  is the ultimate tensile strength of concrete, £l(i J} is the increase in concrete 
strain at the level of tendon, s't strain of concrete in tension corresponding to the 
maximum tensile stress and Et is the softened modulus of elasticity o f concrete in 
tension. According to the CEB-FIP (1990) model code, the tensile stresses in the concrete
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will be concentrated in a zone around the reinforcement as shown in Figure 3.7. The 
tension force in the concrete is calculated as follows,
~ f t ( i j ) A s  
d-9) The total tension force is,
T — c V A 4- c £('j)) A E' ,
1 T ~  ebp CF bp ~r b c t ( i j )  _ ^ T ^ C F  “r
(3.14)
c ( i j )
£ ct(U)
i d npt
^ C F d npl +  ^ubp(i) +  f t ( i j ) d TS (3.15)
d-10) Perform force equilibrium and if the equilibrium is not satisfied the assumption of 
the neutral axis depth is revised to attain the equilibrium and if it is satisfied the analysis 
continues to step e.
Step e. Moment equilibrium
Perform moment equilibrium. If the external applied moment is not equal to the induced 
internal moment the assumption of the top concrete strain is revised to attain the 
equilibrium. The induced internal moment is calculated as follows,
M,d.j) l — C(iJ)  +









'^hpEcF {d bp g (/../)) +  d 'ubp(i) (~d ubp C( i J ) ) (3.16)
where x is the distance measured form the center of gravity of the effective embedment 
zone to the neutral axis.
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Step f. Curvature calculation
After the force and the moment equilibrium are satisfied the curvature of the cross- 
section is calculated.
C( i J)
Step g. Next cracked zone
Repeat the steps (d) to (f) and continue to the last cracked zone at the mid span.
Step h. Deflection calculation
The above-calculated curvatures are integrated numerically to obtain the deflection 
(Collins and Mitchell 1990).
Step i. Check for the post-tensioning force
The new deformed shape of the post-tensioning force due to the beam deflection is used 
to calculate the strain, stress and the new force. A preset tolerance of 1.5 % is assumed 
and if this tolerance is not met another cycle is carried out starting from step (c) to step
(i)- 
Step j. Next load level
To move to a higher load level the top concrete strain is increased and the above 
procedure is repeated until the overall behavior of the beam is obtained. Figure 3.8 shows 
the flow chart for the computer program developed to implement the above steps.
The analytical model is used to analyze the two box beams prestressed and post- 
tensioned with internally bonded and externally unbonded CFRP tendons which were 
used for the calibration process o f the tension stiffening curve. Three tension stiffening 
curves with different magnitudes have been used to study the effect of tension stiffening
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characteristic on the overall behavior of the box beams. These tension stiffening curves 
are: a tension stiffening curve having a strain magnitude of 20 times the tensile strain 
before cracking, a tension stiffening curve of 30 times the tensile strain before cracking 
and a tension stiffening curve of 50 times the tensile strain before cracking. Figure 3.28 
shows the load-deflection curves for the box beam LP3. Figure 3.29 and Figure 3.30 
show the effect of the different tension stiffening magnitudes on the overall response and 
the increase in the post-tensioning force with applied load for box beam LP3, 
respectively. Figure 3.31 and 3.32 show the load-deflection curves and the effect of 
different tension stiffening magnitudes for the box beam DPI respectively. Figures 3.9 to 
3.19 show the stress distribution in the concrete and the CFRP tendons for the two box 
beams along the span. An experimental program was conducted at Lawrence 
Technological University, Southfield, Michigan, USA and comparison between the 
experimental results, the finite element and the proposed model will be presented in 
Chapter VII.
The analytical model is also used to analyze DT-beam prestressed and post- 
tensioned with a combined system of internally bonded and externally unbonded CFRP 
tendons. Different tension stiffening curves were also used in the DT-beam analysis, the 
magnitudes for these tension stiffening curves were the same used in the analysis of the 
box beams. Figures 3.20 to 3.25 show the stress distribution in the concrete and the 
CFRP tendons along the beam span. Figure 3.33 and 3.34 show the load deflection 
curves for the DT-beam for the different tension stiffening values and the increase in the 
post-tensioning force with applied load, respectively. The analytical model shows a very
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good agreement with the experimental work, however, it tends to overestimate the 
effective rigidity of the beam and that in turn affects the post-tensioning force as at any 
load level the calculated post-tensioning force is lower than the observed values from the 
experimental work. A full-scale test for the DT-beam was undertaken at Construction 
Technology Laboratories; Skokie, Illinois, USA. The beam is a replica for the beams 
used in the superstructure of the “Bridge Street Bridge” constructed over the Rouge River 
in Southfield Michigan. Comparison of the analytical model with the full scale test 
results will be presented in Chapter VII.
3.6 External Tendon Strain from the Structure Displacement
The strain in an external unbonded tendon can be calculated from the deflection 
of the beam at the deviators and also from the movement and rotation of the supports. 
The external tendon follows the deflection of the beam at the deviator points and in order 
to calculate the strain in an external tendon the beam displacement at the deviators has to 
be related to the strain in the external tendon with the assumption that the tendons are free 
to slip with respect to the beam deviators. Assume a general case of a beam prestressed 
with an external unbonded tendon having a double harping point shape and subjected to 
an arbitrary flexural loading as shown in Figure 3.26. The initial length of the tendon is,
L = AB + BC + CD (3.18)
which can be written also as,
(3.19)
The total length of the tendon after loading is,
L' = ab + bc + cd (3.20)
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ab = ^ L 2AB+(yB- y A+Abf  (3.21)
be = L2BC+(yc + Ac - y B- A bf  (3.22)
cd = ^L 2CD+(yc - y D+ Ac)2 (3.23)
The elongation of the tendon is,
(3-24)
The strain in the tendon then becomes,
£ubp=£e+teubp (3‘25)
The strain in the external unbonded tendon due to the support movement can be obtained 
by calculating the support movement, A as shown in Figure 3.27. The bottom concrete 
strain is integrated to obtain the curved length AC. In order to find the support 
movement, A, the curved length AC, considered as the perimeter of the parabola is 
related to the straight line AC, considered as the base of the parabola by the following 
equation,
P = 2 ^ ( A B  + A y + ^ ( H ) 2 (3.26)
where P is the perimeter of the parabola and H  is the height of the parabola which is the 
deflection of the beam at this loading stage. The support movement is then related to the 
original length of the unbonded tendon to obtain its extension and strain. For support 
rotation, the magnitude of the strain in the unbonded tendon due to the rotation of the 
support was small and was neglected due to its minimum effect on the analysis. For 
beams with no deviators, Eq. 3.26 is also used to obtain the support movement from 
which the tendon extension and the strain can be obtained. Support rotations also
39
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contribute to the tendon strain; however, the magnitude of the strain due to support 
movement is more significant.
40










Fig. 3.2. Cross-section of the two box beams (Note: All dimensions in mm.)
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a,
S, = (40) £e'ine
< ►<-
Fig. 3.3. Different configurations for the tension stiffening curve
mesh (1) mesh (2)
Fig. 3.4. Finite element mesh for the two box beams
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Smeared cracked zone
For a load increment i
Boundary j
Uncracked Cracked crackedUr
Fig. 3.5. Proposed analytical model
f c - f c
Strain
Fig. 3.6. Stress-strain relationship for concrete in compression
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Fig. 3.7. Typical cross-section of a beam showing the effective tension stiffening area
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Given cross sectional dimensions and 
mechanical properties of concrete and 
CFRP
For load increment i
ssume post-tensioning fore
or section location
Assume top concrete strain
Assume neutral axis position
Calculate compression and tension 





Calculate the curvature at section
Continue to the next boundary j+1
Not equal to the 
assumed forceCalculate the deflection by 
integrating the calculated curvatures 
and calculate the force in the post- 
tensioned tendons
Equal to the assumed
force
Fig. 3.8. Flow chart for the proposed analytical model
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Fig. 3.9. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.0009 at mid span for box beam LP3
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Fig. 3.10. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.0011 at mid span for box beam LP3
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Fig. 3.11. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00147 at mid span for box beam LP3
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Fig. 3.12. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00915 at mid Span for box beam LP3
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Fig. 3.13. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00236 at mid span for box beam LP3
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Fig. 3.14. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00299 at mid span for box beam LP3
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Fig. 3.15. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00077 at mid span for box beam DPI
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Fig. 3.16. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.0014 at mid span for box beam DPI
49
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Cracked Zone Uncracked Zone
46.1 MPa 44.7 MPa 38.5 MPa 35.0 MPa 17.3 MPa
Lb=^meared \s r '  ’ cracked ! 
element # 9|
t^Smeared 
! cracked ! 




■ ......... .....~ ........  ................. ..- ■ = .................... * ................
1770 MPa 1600 MPa 1460 MPa 1400 MPa 1190 MPa
Boundary if 9  &  Boundary # 10 Boundary #  5 &  Boundary #6 Boundary #  1 for
for smeared cracked element for smeared cracked element smeared cracked
#  1 (mid span) # 1 element # 1
Fig. 3.17. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.002 at mid span for box beam DPI
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Fig. 3.18. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00282 at mid span for box beam DPI
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Fig. 3.19. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.003285 at mid span for box beam DPI
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Fig. 3.20. Top Concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.000510 at mid span for DT-beam
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Fig. 3.21. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.000669 at mid span for DT-beam
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Fig. 3.22. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.000903 at mid span for DT-beam
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Fig. 3.23. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00118 at mid span for DT-beam
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Fig. 3.24. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00153 at mid span for DT-beam
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Fig. 3.25. Top concrete stress and stress in the bonded CFRP tendons for top concrete 
strain 0.00243 at mid span for DT-beam
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Fig. 3.26. Calculating the strain in an external unbonded prestressing tendon due to the 
presence of deviators
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Fig. 3.28. Load-deflection curves for the box beam LP3
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Fig. 3.30. Increase in the post-tensioning with applied load force for box beam LP3
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Fig. 3.32. Effect of different magnitudes of tension stiffening for box beam DPI
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Fig. 3.34. Increase in the post-tensioning with applied load force for the DT-beam
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CHAPTERIV
INDIRECT APPROACHES FOR TENSION STIFFENING 
CHARACTERISTIC
4.1 General
There are different approaches that incorporate the tension stiffening effect in an 
indirect way when calculating the deflection of reinforced and/or prestressed concrete 
beams. Among these procedures are the formulae provided by the ACI, ISIS and the 
CEB-FIP code. The main purpose of this chapter is to examine the change in the post­
tensioning force when using these approaches to evaluate the deflection of an externally 
prestressed beam. These procedures are used and compared with the tension stiffening 
curve approach used in the analytical model. This chapter presents the procedure 
followed and the results obtained from these different approaches; however, the 
comparison with the analytical model and the experimental work is presented in Chapter 
VII.
4.2 ACI and ISIS Equations
The ACI equation and the ISIS equation calculate the deflection by evaluating an 
effective moment of inertia for the entire beam including cracked and uncracked zones. 
The value of this effective moment of inertia is interpolated between gross moment of 
inertia and the cracked moment of inertia depending on the load intensity.
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The equation adopted by the ACI is developed by Branson (1963), which was 
based on experimental results. The ACI modified Branson’s equation for the use of the 
CFRP to account for their lower modulus of elasticity compared to steel, and its different 
bond characteristics. Branson’s equation is further modified by Tadros et al. (1985) for 
prestressed beams. They stated that both the cracking moment and the applied moment 
should be reduced by an amount equal to the decompression moment to account for the 
initial curvature of these beams due to prestressing. However, two opinions here exist on 
the definition of the decompression moment. The decompression moment defined by 
Nawy and Huang (1977) represents the state at which the stresses in the concrete at the 
level of tendon are nullified by the external applied load. Naaman and Siriaksom (1979) 
defined the decompression moment by the state at which zero stresses occur at the 
extreme tension fiber due to the applied loads. The last definition is the one used herein 
the analysis. The final form of ACI equation can be written as follows,
where a  is taken as 0.5 and it takes into account the differences in the bond 
characteristics between FRP tendons and conventional steel bars with concrete, ECP and 
Es are the modulus of elasticity of the CFRP tendons and steel, respectively.
The ISIS equation is also modified as the ACI equation to account for the initial 
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A step-by-step procedure for the analysis using both equations is outlined below,
Step a.
Assume post-tensioning force (Tubp̂ )
Step b.
Assume top concrete strain (£c(,))
Step c.
Assume neutral axis depth ( c(/))
Step d.
d-1) Calculate the compression force in concrete using Eq. 3.7.
d-2) Calculate the compression force in the non-prestressed reinforcement in the top 
flange using Eq. 3.9
d-3) Calculate the force in the pretensioned tendons assuming the strain is linear over the 
cross-section from which stress and the force in them can be calculated using Eq. 3.11 
d-4) Calculate the force in the non-prestressed reinforcement in the tension using Eq. 
3.12.
Step e.
Perform the non-linear force equilibrium and if equilibrium is not satisfied revise the 
assumption of the neutral axis in step (c) until equilibrium is satisfied; if it is satisfied 
continue to step f.
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Step f.
Perform the non-linear moment equilibrium. If the external applied moment is not equal 
to the induced internal moment the assumption of the top concrete strain is revised to 
attain the equilibrium. The induced internal moment is calculated using the following 
equation,




12 sa -4<0(,)C(O C<0 +
(d npc - C (i))
O') ^C 'F  d npc (C(< ) d npc)




ECfA p! {d npt C(/))+
\
if̂ bp ~ Eub^id^p C(i))c  F  A  4- p  v bP (')/ /f Febp CF bp T b cl(i) ^ b p ^ C F
c0)
Step g.










g-3) Calculate the gross-moment of inertia
g-4) Calculate the effective moment of inertia using either equation 4.1 for the ACI or 4.2 
for the ISIS.
Step h.
Calculate the deflection of the beam using the effective moment of inertia calculated in 
the previous step.
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Step i.
The new deformed shape of the post-tensioning tendon due to the beam deflection is used 
to calculate the strain, stress and the new force in them. A preset tolerance of 1.5 % is
step (a) to step (i).
Step j
To move to a higher load level the top concrete strain in step (b) is increased and the
shows the flow chart for the computer program developed to implement the above steps.
4.3 CEB-FIP Code
The CEB-FIP Model Code (1990) uses a different approach to include the tension 
stiffening in the deflection calculation. It calculates an effective curvature of the cross- 
section, which is an interpolation between the uncracked and cracked curvatures. The 
following equation is proposed by the CEB-FIP Model Code (1990) to calculate the 
effective curvature,
where /?, is a bond factor = 1 for CFRP tendons and /?2 = 1 or 0.5 for short-term loading 
and sustained loading, respectively. The deflection is then calculated by numerically 
integrating the effective curvature over the span of the beam. The CEB-FIP method in
assumed and if this tolerance is not met another cycle will be carried out starting from
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calculating the deflection is compared to the proposed method as verification for the 
analytical model. The outline of this method is summarized in the following steps,
Steps from (a) to (f) are the same as in the ACI approach.
Step g.
g-1) The cracked curvature is calculated,
jf _ ggM- 
Pcr{ij) (4.7)
CM
g-2) The gross curvature is calculated,
<«•»
g-3) The effective curvature is calculated by Eq. 4.6a and Eq. 4.6b.
Step h.
Steps from (b) to (g) are repeated along the beam span to obtain the effective curvature at 
each section.
Step i.
The calculated effective curvatures are integrated numerically to obtain the deflection 
(Collins and Mitchell 1990).
Step j.
The new deformed shape of the post-tensioning tendon due to the beam deflection is used 
to calculate the strain, stress and the new force in them. A preset tolerance of 1.5 % is 
assumed and if this tolerance is not met another cycle will be carried out starting from 
step (a) to step (i).
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Step k.
To move to a higher load level the top concrete strain in step (b) is increased and the 
above procedure is repeated until the overall behavior of the beam is obtained. Figure 4.2 
shows the flow chart for the computer program developed to implement the above steps. 
Figures 4.3 to 4.5 show the load deflection curve for the box beams and the DT-beam for 
the different analytical approaches. Figures 4.6 and 4.7 show the increase of the post­
tensioning force with applied for the box beam LP3 and the DT-beam, respectively.
The ACI, ISIS and CEB-FIP approaches tend to underestimate the effective 
rigidity o f the box beams and the DT-beam when compared with the experimental 
behavior and that led to an overestimation of the force in the unbonded tendons at any 
load level. For both the box beams and the DT-beam, the ACI showed a better agreement 
to the experimental work when compared with ISIS and the CEB-FIB approached and 
that in turn led to a better prediction of the post-tensioning force.
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Given cross sectional dimensions & 
mechanical properties of concrete & CFRP
For load increment i
Assume post-tensioning fore
Assume top concrete strain
Assume neutral axis position
Calculate compression stress m 
concrete & stress in bonded tendons
Perform force equilibrium
Perform moment equilibrium
Calculate the cracked moment of inertia 
Calculate the effective moment of inertia
Calculate deflection using the ACI or 
the ISIS formula
Not equal to the 
assumed forceCalculate the force m the post 
tensioned tendons
Equal to the assumed 
force
Fig. 4.1. Flow chart for the proposed approach using the ACI and the ISIS equations
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Given cross section dimensions & the 
mechanical properties of concrete & CFRP
For load increment i
Assume post-tensionmg
or section location j
Assume top concrete strain
Assume neutral axis position
Calculate compression stress m 




Calculate the cracked curvature 
and the gross curvature at section 
j. calculate the effective curvature.
Continue to the next section j+1
Equal to the assumed 
force
Calculate the deflection by integrating 
the calculated curvatures and calculate 
the force in the post-tensioned tendons
Not equal to the 
assumed force
Fig. 4.2. Flow chart for the proposed approach using the CEB-FIP approach
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Fig. 4.4. Load-deflection curve for box beam DPI obtained from different analytical 
approaches
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Fig. 4.6. Increase in the post-tensioning force with applied load for box beam LP3 
obtained from the different analytical approaches
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Fig. 4.7. Increase in the post-tensioning force with applied load for DT-beam obtained 
from different analytical approaches
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CHAPTER V
DESIGN PROCEDURE
5.1 Proposed Design Procedure
The main purpose of this chapter is to formulate design procdure for concrete 
beams prestressed and post-tensioned with combined system of bonded and unbonded 
CFRP tendons. The proposed design procedure uses the bond reduction coefficient 
concept proposed by Naaman and Alkhairi (1991) to estimate the stress in the unbonded 
CFRP tendons. The stress in the unbonded tendon can be written as follows, 
f p = f pe + Afp (5.1)
where /  is the effective prestress in the unbonded tendon and Afp is the stress increase
above /  due to any additional applied load and it can be written as follows,





where is the strain reduction coefficient at ultimate and its value as suggested by 
Naaman and Alkhairi (1991) can be taken as follows,
Qu = —1^— (for one-point loading) (5.2b)
L !d p
3 0Qu =  (for two-point loading) (5.2c)
L id
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whereL is the length of the unbonded prestressing tendon between the anchorage,^ 
ultimate strain in concrete in compression, d p is the depth of the prestressing tendon and 
cu is the neutral axis depth at ultimate and is calculated as follows (ACI 440),
Bl +yjBi 4AXCX
C'  '  2 A, ( ’
4 = 0 .8 5  / M  (5.3a)
B, =Api(Er,S',a„  + 0 .8 5 /X V -6 .K  (5.3b)
Q  = - A psEpsecuQudps (5.3c)
For rectangular sections or rectangular section behavior, use bf =bw.
Before starting the design process the boundary between the uncracked region and 
the cracked region along the beam span has to be determined. This can be achieved by 
calculating the distance form the support at which the cracking moment will be equal to 
the externally applied moment. The cracked region is then subdivided into small cracked 
regions and the design process starts at the boundary of the first cracked region located at 
section of maximum moment by assuming the ultimate value for the concrete strain in the 
top fiber (0.0035) and also using Eq. 5.1 to estimate the stress in the unbonded tendon. 
The depth of the neutral axis is then incremented until the force equilibrium is satisfied. 
Then the equilibrium between the induced internal moment and the applied external 
moment has to be checked and if  it is not satisfied the top concrete strain has to be 
readjusted. The above procedure is repeated until both the force and the moment
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equilibrium are satisfied and once they are satisfied the curvature of the cross-section is 
calculated.
The above procedure is then repeated at the boundary of the next cracked region 
and so on until the curvatures are calculated at the boundaries of all the cracked regions. 
These curvatures are then numerically integrated to obtain the deflection of the 
prestressed beam (Collins and Mitchell 1990). Knowing the original length and 
configuration of the post-tensioning tendon the strain, stress and the induced force can be 
calculated and compared to the estimated value with a 1.5% tolerance.
5.2 Step-by-Step Description of the Design Procedure 
Step a. Compute the required moment capacity
M required = a DM D + a LM L (5.4)
whereM D is the moment due to dead load,M h is the moment due to live load, a Dand 
a L are the dead load and live load factors respectively.
Step b. Select the cross-section and proportion its dimensions 
This step is for selecting the type of beam cross-section and for proportioning its 
dimensions and also for the arrangement of the bonded and the unbonded tendons taking 
into consideration the allowable jacking stress and the stress immediately after transfer 
which can be taken as 0.65 fpu and 0.6 fpu, respectively, as recommended by the ACI 
440.4R-04 committee.
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Step c. Compute the cracking moment, Mcr, of the cross-section
The cracking moment can be estimated by calculating the moment needed to overcome 
the compression stresses and adding the moment to pick up the additional stresses to 
reach the modulus of rupture. The following equation is used for calculating the cracking 
moment,
M  = (5.5)
yb0,
where f bot is the stress at the extreme tension fiber of the beam due to effective 
pretensioned and post-tensioned tendons, f r is the modulus of rupture = 0.6 (CSA 
1994), Ig is the gross section moment of inertia and ybot is the distance from the bottom
fiber to the centroid of the cross-section.
Step d. Location of the cracking moment
Calculate the distance from the support at which the cracking moment will be equal to the 
externally applied moment as obtained from the moment diagram to determine the 
beginning of the smeared cracked region.
Step e. Cracked regions
Divide the length of the cracked region into small cracked regions. The design will start 
at the boundary o f the first cracked region located at the section of maximum moment. 
Step f. Post-tensioning force
Estimate the stress in the post-tensioned tendon using Eq. 5.1 from which the post­
tensioning force ( Tuhp ) can be calculated.
Step g. Non-linear force equilibrium 
g-1) Assume the top concrete strain ( s c{iy)).
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g-2) Assume the depth of the neutral axis (c(l J ) ) .
g-3) calculate the compression force in the concrete using Eq. 3.7 . 
g-4) Calculate the compression force in the non-prestressed CFRP tendons in the top 
flange using Eq. 3.9. 
g-5) Calculate the total compression force using Eq. 3.10.
g-6) Calculate the tension force in the bonded prestressed CFRP tendon using Eq. 3.11. 
g-7) Calculate the force in the non-prestressed reinforcement in the tension is using Eq. 
3.12..
g-8) Calculate the tension force in the concrete using Eq. 3.14. 
g-9) calculate the total tension force is using Eq. 3.15.
g-10) Perform the non-linear force equilibrium and if the equilibrium is not satisfied the 
assumption of the neutral axis is revised to attain the equilibrium.
Step h. Non-linear moment equilibrium
Perform the non-linear moment equilibrium. If the external applied moment is not equal 
to the induced internal moment the assumption of the top concrete strain is revised to 
attain the equilibrium. The induced internal moment is calculated as using Eq. 3.16.
Step i. Curvature calculation
After the force and the moment equilibrium are satisfied the curvature of the cross- 
section is calculated using Eq. 3.17.
Step j. Next cracked region
Repeat the steps (g) to (i) and continue to the last cracked region.
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Step k. Deflection calculation
The above-calculated curvatures are integrated numerically to obtain the deflection 
(Collins and Mitchell 1990).
Step 1. Check for the post-tensioning force
From the beam deflection, the new deformed shape for the post-tensioned tendon is 
obtained and the strain, stress and the force in them can be calculated and compared with 
the estimated one with tolerance of 1.5 %. If this tolerance is not met, another iteration is 
carried out until the post-tensioning force converges.
Step m. Calculate the flexural capacity
The nominal moment of resistance, M n, is compared with required moment capacity 
calculated in step (a) as follows,
( / ) M n  r e g Ujr e ( j
where^ is strength reduction factor taken as 0.85 as recommended by the ACI committee 
440.4R-04. The design procedure is demonstrated by a numerical example in Appendix 
F.
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This chapter deals with the evaluation of the proposed analytical approach and its 
comparison with experimental data obtained by other researchers as well as to finite 
element analysis.
6.2 Experimental Investigation
The results of two experimental investigations became available to the author and 
are used to validate the analytical model presented in this study. The first experimental 
investigation was carried out at Lawrence Technological University, Southfield, 
Michigan, USA for two box beams pretensioned and post-tensioned with CFRP tendons 
to examine their flexural behavior. These two box beams are the same beams modeled 
with the finite element to calibrate the tension-stiffening curve. The second experimental 
program was undertaken at Construction Technology Laboratories, Skokie, Illinois, USA 
for a full-scale test for a double-tee beam pretensioned and post-tensioned with CFRP 
tendons. The following sections will present the two experimental programs.
6.3 Experimental Program for the Box Beams
Two one-third-scale box beams pretensioned and post-tensioned with CFRP 
tendons were tested to failure to examine their flexural behavior. Each beam was 4900
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mm long 965 mm wide and 305 mm deep. The two beams were prestressed using seven 
bonded and six unbonded tendons. One of the two beams was prestressed using 10 mm 
diameter Leadline tendons and was designated LP3. The second beam was prestressed 
using 9.5 mm diameter Diversified Composites Incorporation (DCI) tendons and was 
designated DPI. Each prestressing tendon was pulled to an average load of 92.5 kN 
which is about 86 % and 41 % of the breaking load of the DCI and the Leadline tendons 
respectively. The tensile strength and the tensile modulus are 1931 MPa and 131 GPa for 
the DCI tendons and 2861 MPa and 147 GPa for the Leadline tendons. Concrete was 
placed immediately after the pretensioning of the tendons and the force in the tendons 
was released after concrete had reached the desired compressive strength of 48 MPa.
6.3.1 Box Beam Instrumentation and Test Set-up
Fifteen strain gauges were installed at mid span. Five strain gauges were installed 
on the top concrete surface and five strain gauges were installed on each side of the 
beam. The mid span deflection was measured using string pots fixed to a stationary strut 
and attached to the top surface of the beams. The two box beams were simply supported 
with an effective span of 4.7 m; each end support has a width equal to the width of the 
box beam. The beams were loaded using two point loads over the entire width of the 
beam; the center-to-center distance between the loading points was 508 mm symmetric 
about the mid span. Figure 6.1 shows the flexural test setup for the box beams. Both 
beams failed due to the rupture of the bonded pretensioned tendons followed by the 
crushing of the concrete. The ultimate failure loads for LP3 and DPI were 441 kN and 
383 kN respectively and the corresponding deflections at the mid span were 59 mm and
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65 mm. Figure 6.2 shows the ultimate failure of box beam LP3. More about the 
experimental program can be found in Grace et al. (2004).
6.4 Box Beam Analysis
6.4.1 Finite Element Analysis for Box Beams
Finite element analysis has been conducted for two box beams prestressed and 
post-tensioned with a combined system of bonded and unbonded CFRP tendons to 
examine their behavior and to calibrate the tension stiffening characteristic for use in the 
analytical model. Modeling crack initiation of reinforced concrete in the finite element is 
an important aspect in the failure analysis of concrete. The cracking process and the 
behavior of concrete in compression in the damaged plasticity model used in the analysis 
of the box beams depend on two damage variables that relate the dissipated energy from 
the beams to the level of plastic deformation they posses at any loading stage. The two 
damage variables account for the different strengths for concrete in tension and 
compression. Figure 6.3 shows the evolution of the compression damage in the top slab 
and Figure 6.4 show the evolution of the tension damage in the webs and the bottom slab 
for the box beam LP3 respectively. Comparing these two figures with Figure 6.2 
indicates that the evolution of damage in the finite element is consistent with the failure 
pattern obtained from the experimental work where the maximum compression and 
tension damage from the finite element occurred in the constant moment region as seen in 
Figure 6.2.
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Figures 6.5a and 6.5b illustrate the cracking behavior of box beam LP3; when the applied 
load was at 190 kN the tension damage variable was zero indicating the initiation of 
beam cracking and that corresponded to an average tensile stress of 4.15 MPa which is 
the modulus of rupture of concrete. When the applied load increased beyond the 
cracking load the tension damage variable increased indicating the development of more 
cracks and the average tensile stresses decreased gradually to a value of 0.55 MPa 
corresponding to a strain value of 546 fie  showing the effect of tension stiffening. The 
LP3 beam failed by the rupture of the bonded CFRP tendons at a failure load 468 kN and 
that corresponded to a value of 94 percent for the tension damage variable. Figure 6.6 
show the stress distribution across the cross-section of the box beam LP3 at failure at the 
section of maximum moment. Considering the behavior of the beam in compression, the 
maximum induced compressive stress in the top slab was 49.1 MPa corresponding to a 
maximum strain of 2830 fie . A similar behavior was also observed for the box beam 
DPI. Figures 6.7 and 6.8 show the evolution of the compression and the tension damage 
in the top and bottom slab; it is observed that the localization of the damage in both 
tension and in compression zones occurred in the constant moment region. The cracking 
and the failure load of die box beam DPI beam was 178 kN and 409 kN and that 
corresponded to zero and 95 percent for the tension damage variable respectively as 
shown in Figure 6.9. The box beam DPI also failed by the rupture of the bonded CFRP 
tendons. Figure 6.10 shows the distribution of the stresses across the cross-section of the 
beam at failure. The maximum compressive stress that occurred in the top slab at failure 
was 44.4 MPa corresponding to a maximum strain of 3074 p ,s . Both box beams failed in
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the experimental testing by the rupture of the bonded CFRP tendons as predicted by the 
finite element analysis and analytical model.
6.4.2 Finite Element Analysis and Analytical Model vs. Experimental Work
The failure loads obtained from the finite element analysis and the analytical 
mode were 468 kN and 460 kN for box beam LP3 and 409 kN and 401 kN for box beam 
DPI respectively. These failure loads were 6.3 percent and 4.5 percent higher than the 
failure load obtained from the experimental work, (447 kN), for the box beam LP3 and 
6.7 percent and 4.7 percent higher for the case of the box beam DPI (383 kN). For the 
box beam LP3 the deflection at failure was 63 mm and 61 mm as obtained from the finite 
element analysis and the analytical model respectively which is 6.8 percent and 3.4 
percent higher than the deflection obtained from the experimental work (59 mm). The 
deflection at failure for the box beam DPI was 64 mm and 66 mm as obtained form the 
finite element analysis and the analytical model respectively which is 1.5 percent lower 
and 1.5 percent higher than the deflection obtained from the experimental work. The top 
concrete stress at failure was 46.2 MPa and 43.3 MPa for the box beam LP3 and DPI 
respectively which is 6.3 percent and 6.2 percent lower than the stress obtained from the 
finite element. These stresses corresponded to a failure strain of 2990 fie  and 
3285 fie  which is 5.4 percent and 6.4 percent higher than the strains obtained from the 
finite element which were 2830 fie  and 3074 fie  respectively. Figures 3.28 and 3.31 
show the correlation between the finite element, the analytical model and the 
experimental work for box beam LP3 and DPI respectively.
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6.4.3 Analytical Model and Different Analytical Approaches vs. Experimental Work
To examine the effect of beam deflection on the increase in the post-tensioning 
force, three analytical approaches that depend on evaluating the effective moment of 
inertia were developed. These approaches use the ACI 440.4R committee equation, ISIS 
equation and the CEB-FIP approach to calculate beam deflection. For externally 
prestressd beams the deflection of the beam affects the force increase in the post­
tensioning tendons. Figure 6.11 shows the load deflection curves obtained from the 
different analytical approaches and their correlation to the experimental work and 
analytical model using different tension stiffening curves for box beam LP3.
Figure 6.12 show the increase in the post-tensioning force with applied for the 
box beam LP3. The post-tensioning force obtained form the analytical model is in very 
good agreement with the post-tensioning force obtained from the finite element analysis 
throughout the different loading stages starting from zero load and up to failure. 
However, for the different analytical approaches it is evident that the different equations 
used to evaluate the effective moment o f inertia produce different deflection patterns, 
which in turn affect the increase in the post-tensioning force during the different load 
levels. The failure loads obtained from the ACI, ISIS and CEB-FIP approach were 422 
kN, 416 kN and 417 kN for the box beam LP3 which is 4.1 percent, 5.5 percent and 5.2 
percent lower than the failure load obtained from testing. These failure loads correspond 
to a maximum deflection at failure of 62 mm, 63 mm and 64 mm respectively which are
5.1 percent, 6.8 percent and 8.5 percent higher than the deflection obtained for the 
experimental work (59 mm). The top concrete stress at failure obtained from the ACI,
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ISIS and CEB-FIP approach was 45.2 MPa, 44.2 MPa and 43.7 MPa which is 2.1 
percent, 4.2 percent and 5.4 percent lower than the top concrete stress obtained from the 
analytical model. These top concrete stresses corresponded to a maximum strain of 
3105 fx s , 3200 jxs and 3250 fis respectively for the three approaches. Figure 6.13 shows 
the applied load versus the top concrete strain for box beam LP3.
For the box beam DPI, the failure loads obtained from the ACI, ISIS and CEB- 
FIP approaches were 364 kN, 356 kN and 359 kN, respectively. These loads were 5 
percent, 7 percent and 6.3 percent lower than the failure load obtained from the 
experimental testing of 383 kN. The corresponding deflections for these loads were 64 
mm, 63 mm and 68 mm which are 1.5 percent, 3.1 percent and 4.6 percent lower than the 
deflection obtained form the experimental work of 65 mm. Figure 6.14 shows the load- 
deflection curves obtained from the different approaches and their correlation to the 
analytical model with different tension stiffening curves for box beam DPI. The top 
concrete stress at failure for the box beam DPI form the three approaches were 41.8 
MPa, 42.2 MPa and 44.4 MPa which are 3.4 percent, 2.5 percent lower and 2.2 percent 
higher than the top concrete stress obtained from the analytical model. For box beam 
LP3, Table 6.1 and 6.2 compare the failure loads, the corresponding deflections, top 
concrete stress and top concrete strain as obtained from the experimental testing, 
analytical model and the different analytical approaches. For box beam DPI, Table 6.3 
and 6.4 compare the failure loads, the corresponding deflections, top concrete stress and 
top concrete strain as obtained from the analytical model and the different analytical 
approaches.
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6.5 Experimental Program for the DT-Beam
The Bridge Street Bridge constructed over the Rouge River in Southfield, 
Michigan, USA consists of two structures, Structure A and Structure B. Structure A is 
constructed using five equally spaced AASHTO TYPE III girders and cast-in-place 
concrete deck. Structure B is built using twelve special double-tee girders, which are 
pretensioned using Leadline CFRP tendons and post-tensioned using Carbon Fiber 
Composite Cable (CFCC) strands. Due to the lack of design guidelines for CFRP 
prestressed concrete bridges, the bridge design and research team decided to validate the 
design by testing a full-scale DT-beam to failure which is identical to those used in the 
Bridge Street Bridge. More information about the construction details can be found in 
Grace et al. (2003)
6.5.1 DT-Beam Fabrication
The DT-beam was fabricated at Prestressed Systems Incorporation (PSI), 
Windsor, Ontario using a single pan form consisting of two stems, top flange and seven 
transverse diaphragms. Figures 6.15 and 6.16 show the cross-section of the DT-beam and 
its elevation respectively. The flange was reinforced with nineteen 10 mm diameter 
CFRP rods and also two layers of transverse 10 mm diameter CFRP rods. Regarding the 
prestressing and the reinforcement of the beam, each web was prestressed by thirty CFRP 
tendons 10 mm in diameter arranged in ten rows and six rows of 12.5 mm non­
prestressed CFCC strands. The nine top rows of the CFRP tendons were draped before 
the pretensioning, the draping point was located at a distance 7010 mm from the support, 
the bottom most row was kept straight. Each CFRP tendon was pretensioned to a target
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load level o f 82 kN for rows one to five (row numbering starts from top to bottom) and 
87 kN for rows six to ten. The tensile strength and the tensile modulus for the Leadline 
tendons are 2860 MPa and 147 GPa, respectively. Concrete was then placed and allowed 
to cure and the force in the pretensioned tendons was released after concrete achieved 
strength of 46 MPa.
The cross-section of the DT-beam was also prestressed with four externally 
draped 40 mm diameter post-tensioned CFCC strands between the webs. The post­
tensioning force was applied to the four CFCC strands in two separate stages. The initial 
post-tensioning stage was carried out at the pre-cast plant (PSI), Windsor, Ontario by 
applying 60 % of the total desired force. The final 40 % post-tensioning force was 
applied at the testing facility, Construction Technology Laboratories (CTL), Skokie, 
Illinois after casting 75 mm thick concrete topping. The tensile strength and tensile 
modulus for the CFCC strands are 1870 MPa and 127 GPa, respectively. A CFRP 
NEFMAC sheet was used to provide reinforcement for the concrete topping to control 
temperature and shrinkage cracks.
6.5.2 DT-Beam Instrumentation and Test Setup
A total o f thirty strain gauges were installed in the beam to measure the strain 
distribution along the depth of the cross-section, twenty-one gauges were installed in the 
pre-cast section while the remaining nine gauges were installed in the concrete topping. 
The DT-beam has a span of 20.4 m and it was simply supported at both ends. The beam 
was loaded along two lines orthogonal to its longitudinal centerline creating a constant
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moment region of 3658 mm symmetrical about the mid span. For each loading line, the 
load was applied at two points coinciding with the beam webs. The beam displacement 
was measured at mid span and quarter span using two displacement transducers at each 
location attached to the bottom of the webs. Figure 6.17 shows the DT-beam test setup.
The failure load was 2443 kN and the corresponding average mid span deflection 
was 342 mm. It is interesting to note that after the failure of the concrete topping, all of 
the sixty pretensioned tendons failed; however, the four CFCC post-tensioned cables did 
not fail and the force in them nearly doubled during the test increasing from 443 kN to 
807 kN. Figure 6.18 shows the ultimate failure of the DT-beam.
6.6 DT-Beam Analysis
6.6.1 Analytical Model vs. Experimental Work
The second experimental program was a full scale test of a Double-Tee beam 
prestressed and post-tensioned with CFRP tendons. The DT-beam failed experimentally 
at a load of 2443 kN and the deflection at failure was 342 mm. The analytical model 
predicted a failure load of 2590 kN and the deflection corresponding to that load was 335 
mm. The analytical model predicted a failure load which is 6 percent higher than the load 
obtained from the experimental testing and the deflection at failure was 2 percent lower 
than the deflection observed during the beam test. The ultimate failure of the DT-beam 
was triggered in the lab by the partial separation of the concrete toping from the top of 
the DT-beam flange which led to the crushing of the concrete prematurely at a strain 
value of 2500 jj.e and that was followed by the immediate rupture of the bonded CFRP
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tendons. This partial separation could be attributed to the high compression force 
induced in the concrete topping at the failure stage and causing it to separate form the 
beam flange. The force in the post-tensioning cables almost doubled through the test 
increasing from 440 kN at the onset of loading to 810 kN at failure and remaining intact 
even after failure. However, the analytical model predicted the failure by the rupture of 
the bonded CFRP tendons and the corresponding top concrete strain at 2430 pie which is 
2.8 percent lower than the strain obtained from the beam test. The post-tensioning force 
obtained from the analytical model was 831 kN which is 2.6 percent higher than the force 
obtained from the test (810 kN).
6.6.2 Different Analytical Approaches vs. Analytical Model and Experimental Work
The ACI, ISIS and CEB-FIP approaches were used to examine the DT-beam 
behavior. The failure loads obtained from these approaches were 2340 kN, 2245 kN and 
2267 kN respectively. These loads were 6.5 percent, 8.1 percent and 7.2 percent lower 
than the experimental failure load. The corresponding deflection at failure was 350 mm, 
356 mm and 355 mm which is 2.3 percent, 4 percent and 3.8 percent higher than the load 
obtained from the beam test. The top concrete strain at failure for the ACI, ISIS and 
CEB-FIP approach ranged from 2430 pie to 2467 u s  and that corresponded to an average 
top concrete stress o f 54 MPa. Figure 6.19 shows the load deflection correlation between 
the different analytical approaches, analytical model and the experimental work. Figure 
6.20 shows the increase in the post-tensioning force for the DT-beam. Figure 6.21 shows 
the relation between applied load and the top concrete strain. It is interesting to note that 
the analytical model and the ACI, ISIS and CEB-FIP all use the same stress-strain
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relation for concrete in compression. However, the analytical model takes into 
consideration the tension stress in the concrete in the force equilibrium and moment 
equilibrium by using the tension stiffening curve. The ACI, ISIS and CEB-FIP account 
for the tension stiffening of concrete in an indirect way by interpolating between the 
gross section and the cracked section properties according to the load intensity. The 
introduction of the tensile stresses in the concrete in die force equilibrium and the 
moment equilibrium tends to shift the neutral axis towards the tension side of the cross- 
section and this reduces the cross-section curvature and increases the overall stiffness of 
the beam beyond cracking. This behavior could be observed from the load deflection 
curves obtained for the DT-beam and the box beams. The increased stiffness of the 
beams led to lower deflection values and lower induced forces in the post-tensioning 
tendons when compared with the ACI, ISIS and the CEB-FIP approaches.
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59 61 62 63 64 63
Table 6.2. Top concrete stress and strain for box beam LP3
Analytical




stress (MPa) 46.2 45.2 44.2 43.7 49.1
Top concrete 
strain ( / / f ) 2990 3105 3200 3250 2830
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(kN) 383 401 364 356 359 409
Deflection
(mm) 65 66 64 63 68 64
Table 6.4. Top concrete stress and strain for box beam DPI
Analytical




stress (MPa) 43.3 41.9 42.2 44.2 44.4
Top concrete 
strain ( f i e) 3285 3400 3370 3200 3074
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Fig.6.1. Flexural test setup for the box beams (source: Grace et al. 2004)
Fig. 6.2. Flexural failure of box beam LP3 (source: Grace et al. 2004)
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Fig. 6.3. Compression damage variable in the top slab for box beam LP3
DAMAGET
M u l t i p l e  s e c t i o n  p o i n t s  
(A v b ,  C r i t ' t  75%)
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-01  
8 0 e -0 1  
0 7 e -0 1:_-oi
O e-01
 7 e -0 1
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•*■2 « 9 4 1 e - u l  
4-2 ,1 6 7 e - 0 1  
4*1. 3 9 4 e - 0 1  
4-6 , 2 0 8 e - 0 2  
• * 0  ,000e4*00
Fig. 6.4. Tension damage variable in the bottom slab and the webs for box beam LP3
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b) Tension damage variable vs. applied load for box beam LP3
Fig. 6.5. Cracking behavior of box beam LP3
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Fig. 6.6. Stress distribution at failure for box beam LP3
OAMACEC
M u l t i p l e  s e c t i o n  p o i n t s  
( A w , C r i t . :  75%)
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c - 0 1
4-1 , 7 c - 0 1
c - 0 1
4-8 , 2 5 0 c - 02 
4-0 ,0 0 0 c4 -0 0
Fig. 6.7. Compression damage variable in the top slab for box beam DPI
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QAMAGET
M u l t i p l e  s e c t i o n  p o i n t s  
( A v s ,  C r i t . ;  75% )
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Fig. 6.8. Tension damage variable in the bottom slab and the webs for box beam DPI
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b) Tension damage variable vs. applied load for box beam DPI
Fig. 6.9. Cracking behavior for box beam DPI
96











] 44.4 MPa 
Y39.1 MPa 
134.2 MPa 
'28.9  MPa 
^23.4 MPa 
(17.6 MPa 
















-10 0 10 20 30 40 50 60 70 80
Deflection (mm)
Fig. 6.11. Correlation between ACI, ISIS and CEB-FIP code with analytical model 
and experimental work for box beam LP3
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Fig. 6.13. Applied load vs. top concrete strain for box beam LP3
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Fig. 6.14. Correlation between ACI, ISIS and CEB-FIP code with analytical model 
and Experimental work for box beam DPI
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Leadline tendon
. .
External prestressing 40 mm CFCC 
strand
Fig. 6.15. Cross-section of the DT-beam (Note: All dimensions in mm.)
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Concrete ToppingExternal 1x7 CFCC 





35922424 4184 3592 4184 2424
20400
Cross Diaphragm
Fig. 6.16. Elevation of the DT-beam (Note: All dimensions in mm.)
Fig. 6.17. Structural test setup for the DT-beam (source: Grace et al. 2003)
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Fig. 6.18. Ultimate failure for the DT-beam (source: Grace et al. 2003)
—  Experimental
—  ACI 
•-IS IS  
■-CEB-FIP
*— Analytical Model T.S.Calibrated = 40 times 
H— Grace and Singh 2003
50 0 50 100 150 200 250 300 350 400
Deflection (mm)
Fig. 6.19. Correlation between ACI, ISIS, CEB-FIP code and Grace and Singh 2003 
with analytical model and Experimental work for the DT-beam
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Fig.6.20. Applied load vs. post-tensioning force for DT-beam
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Fig. 6.21. Applied load vs. top concrete strain for DT-beam
102













An analytical model has been developed for the analysis of beams prestressed and 
post-tensioned with CFRP tendons. The model uses the tension stiffening curve to 
account for the tensile stresses in concrete. This tension stiffening curve has been 
calibrated using finite element analysis. The ACI, ISIS and CEB-FIP approaches has 
been used to evaluate the effective moment of inertia of these beams needed to calculate 
the deflection and that to examine the effect of beam deflection on post-tensioning force. 
From this study the following conclusions can be drawn:
1) The introduction of the tension stiffening curve in the proposed analytical model 
allowed for predicting the flexural behavior o f beams prestressed and post-tensioned 
with CFRP tendons more accurately than the different analytical approaches.
2) The average tensile strains in the tension stiffening curve after concrete reaches its 
maximum tensile stress for beams prestressed with bonded CFRP tendons can be 
taken as 40 times the tensile strain before cracking.
3) The post-tensioning force induced due to beam deformation calculated using the 
analytical model showed close correlation to the force obtained from the experimental 
testing.
4) The ACI, ISIS and CEB-FIP equations tend to underestimate the effective rigidity of 
the beam.
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5) The post-tensioning force induced due to beam deformation form the ACI, ISIS and 
CEB-FIB approaches are higher than the post-tensioning force obtained from the 
analytical model and the experimental testing due to the under estimation of the 
effective rigidity of the beam.
6) The load-deflection behavior obtained using the ACI equation for evaluating the 
effective moment of inertia showed better agreement to the experimental testing 
compared to the ISIS and the CEB-FIP.
7) The post-tensioning force induced due to beam deformation calculated using the ACI 
approach showed better agreement to the experimental work compared to the ISIS 
and CEB-FIB approaches.
7.2 Future Research Work
The analytical model presented in this study analyzes the flexural behavior of 
beams prestressed and post-tensioned with a combined system of bonded and unbonded 
CFRP tendons. Further research work is needed to investigate the shear behavior of these 
beams and to develop an analytical model to analyze these beams failing in shear.
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APPENDIX A
Computer Program for the Analytical Model
c l e a r ;  
d = ; 
b = ; 
w = ; 











y c = ;
Lc r =;
d x = (8 3 7 1 - L c r ) / 1 0
x l = L c r + d x
x 2 = L c r + 2 * d x
x 3 = L c r + 3 * d x
x 4 = L c r + 4 * d x
x 5 = L c r + 5 * d x
x 6 = L c r + 6 * d x
x 7 = L c r + 7 * d x
x 8 = L c r + 8 * d x
x 9 = L c r + 9 * d x
x l 0 = L c r + 1 0 * d x
x l l = ;
p c r = ;
e i  = ;
e l  = ;
e t d = ;
e t f =  ;
P=;
p o s t _ i n c r e a s e = 0
p p = ( P - p o s t _ i n c r e a s e ) / P * 1 0 0
i = l
j = l
M l = z e r o s ( 1 0 , 1 ) ;
M 2 = z e r o s ( 1 0 , 1 ) ;  
nvm=zeros ( 1 0 , 1 )  ;
w h i l e  ( a bs  (pp)  > 1 | a b s  (pp)  < 0)  
f o r  i  = 1 : 1 : 1 0  
f l a g = 0 ;  
i f  i = = l
Ml = i n p u t ( ’ APPLIED MOMENT :'); 
M2 ( i )  = 0;
m m ( i ) = ( ( M 1 - M 2 ( i ) ) / M l ) * 1 0 0
e l s e
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Ml= i n p u t ( '  APPLIED MOMENT : ' ) ;  
iran(i) = ( (M1-M2 ( i )  ) /Ml )  * 1 0 0
end
w h i l e  ( abs  (mm( i ) )  > 1 I a b s  (mm( i ) )  < 0) & f l a g = = 0  
j = l ;
w h i l e  ( j < = 6 0 0  & f l a g = = 0 )  
i f  j = = l
e l ( i ) = 0 . 0 0 0 3 5 5
e l s e
e l ( i ) = e l ( i ) - 0 -  0 0 0 0 1
e nd  
c ( i ) =5
w h i l e  ( c ( i ) < = 1 5 0 0  & f l a g = = 0 )  
c  ( i )
% pause
p ( i ) = e l ( i ) / c ( i ) ; 
c u r v a t u r e  = p ( i ) ;  
b2 = b - w;  
c2  ( i )  = c ( i ) - t ;  
x ( i )  = d - c ( i )  ;
%e 2 ( l , i )  = ( e l ( 1 , i ) * d / c ( i ) ) - e l ( 1 , i ) ; 
e 2 ( 1 , i )  = ( e l ( 1 ,  i ) ) * ( ( d - c ( i ) ) / c ( i ) ) ;  
e 3 ( i )  = e 2  ( i )  + e i  ;
T e n d o n _ s t r a i n _ c g  = e 3 ( i ) ;
P r e t e n s i o n e d _ F o r c e  = ( e 3 ( i ) * E 2 * A 2 ) ;
F ( i )  = e 3 ( i ) * E 2 * A 2 ;  
i f  c (1)  < t
c o m p ( i )  = ( ( f * b * p ( i ) * c ( i ) A2 ) / 0 . 0 0 2 4 8 ) * ( 1 -  
(p ( i ) * c ( i ) ) / ( 3 * 0 . 0 0 2 4 8 ) )  ;
compp = 0;
c o m p f ( i )  = c o m p ( i ) ;
i f  ( e2  > e t d  & e2  < e t f )
f t t ( i )  = 4 . 1 5  -  ( e 2 ( i ) - e t d ) * ( 3 3 0 0 0 / 4 0 )  
t e n s ( i )  = F ( i )  + P + f t t ( i ) * 2 * 1 0 0 * 1 0 0 ;  
R ( i )  = ( ( c o m p f ( i ) - t e n s ( i ) ) / c o m p f ( i ) ) * 1 0 0  
%pause
e l s e
f t t ( i ) =0
t e n s ( i )  = F ( i )  + P;
R ( i )  = ( ( c o m p f ( i ) - t e n s ( i ) ) / c o m p f ( i ) ) * 1 0 0
end
e l s e
c o m p ( i )  = ( f * b * p ( i ) * c ( i ) A2 / 0 . 0 0 2 4 8 ) * ( 1 -  
( p ( i ) * c ( i ) ) / ( 3 * 0 .  0 0 2 4 8 )  ) ;
c o m p p ( i )  = ( f * b 2 * p ( i ) * c 2 ( i ) A2 / 0 . 0 0 2 4 8 ) * ( l -  
( p ( i ) * c 2 ( i ) ) / ( 3 * 0 . 0 0 2 4 8 ) )  ;
c o m p f ( i )  = c o m p ( i ) - c o m p p ( i ) ; 
i f  ( e2  > e t d  & e 2  < e t f )
f t t ( i )  = 4 . 1 5  - ( e 2 ( i ) - e t d ) * ( 3 3 0 0 0 / 4 0 )  
t e n s ( i )  = F ( i )  + P + f t t ( i ) * 2 * 1 0 0 * 1 0 0 ;  
R ( i )  = ( ( c o m p f ( i ) - t e n s ( i ) ) / c o m p f ( i ) ) * 1 0 0  
%pause
e l s e
f t t ( i )  =0
t e n s ( i )  = F ( i )  + P;
R ( i )  = ( ( c o m p f ( i ) - t e n s ( i ) ) / c o m p f ( i ) ) * 1 0 0
e n d
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end
i f  a bs  ( R ( i ) )  > 0 & a b s  ( R ( i ) )  < 1 
i f  c ( l )  < t
M2{ i )  = ( f * b * p ( i ) * c ( i ) A3 / 0 . 0 0 2 4 8 ) * ( 0 . 6 6 7 -  
( p ( i ) * c ( i ) ) / ( 4 * 0 . 0 0 2 4 8 ) ) +  e 3 ( i ) * E 2 * A 2 * x ( i ) + P * ( 9 4 5 -  
c ( i ) ) + f t t ( i ) * 2 * 1 0 0 * 1 0 0 * ( 8 7 8 - c ( i ) )
m m ( i ) = ( ( M 1 - M 2 ( i ) ) / M l ) *100  
%pause
p ( i )  = e l ( i ) / c ( i ) ;
i f  a b s  (mm(i )  ) < 1 & a b s  ( mm( i ) )  > 0 
f l a g = l ;
e nd
b r e a k
e l s e
M2( i ) =  ( f * b * p ( i ) * c ( i ) A3 / 0 . 0 0 2 4 8 ) * ( 0 . 6 6 7 -  
( p ( i ) * c ( i ) ) /  ( 4 * 0 . 0 0 2 4 8 ) ) - ( f * b 2 * p ( i ) * c 2 ( i ) A3 / 0 . 0 0 2 4 8 ) * ( 0 . 6 6 7 -  
( p ( i ) * c 2 ( i ) ) / ( 4 * 0 . 0 0 2 4 8 ) ) +  e 3 ( i ) * E 2 * A 2 * x ( i )  + P* ( 9 4 5 - c ( i ) ) + 
f t t ( i ) * 2 * 1 0 0 * 1 0 0 * ( 8 7 8 - c ( i ) )
m m ( i ) = ( ( M l - M 2 ( i ) ) / M l ) *100
%pause
p ( i )  = e l  ( i )  / c  ( i ) ;
i f  a b s  (rran(i)) < 1 & a b s  (mm(i )  ) > 0 
f l a g = l ;
end
b r e a k
end
e n d
c ( i ) = c ( i ) + 0 . 5 ;
e nd




L=( ( ABA2 ) + ( y b - y a ) A2 ) A0 . 5 + ( ( B C ) A2 + ( y c - y b ) A2 ) A0 . 5  
Lt=L*2
d b = ( p c r * L c r / 2 ) * L c r + ( p c r * L c r + p ( 1 ) * x l ) / 2 * d x + ( p ( 1 ) * x l + p ( 2 ) * x 2 ) / 2 * d x + ( p ( 2 ) *  
x 2+p (3) *x3)  / 2 * d x +  (p (3)  *x3+p (4)  * x 4 ) / 2 * d x +  (p (4)  *x4+p (5)  *x5)  / 2 * d x  
d c = ( p c r * L c r / 2 ) * L c r + ( p c r * L c r + p ( 1 ) * x l ) / 2 * d x + ( p ( 1 ) * x l + p ( 2 ) * x 2 ) / 2 * d x + ( p ( 2 ) *  
x 2 + p ( 3 ) * x 3 ) / 2 * d x + ( p ( 3 ) * x 3 + p ( 4 ) * x 4 ) / 2 * d x + ( p ( 4 ) * x 4 + p ( 5 ) * x 5 ) / 2 * d x + ( p ( 5 ) *x5  
+ p ( 6 ) * x 6 ) / 2 * d x + ( p ( 6 ) * x 6 + p ( 7 ) * x 7 ) / 2 * d x + ( p ( 7 ) * x 7 + p ( 8 ) * x 8 ) / 2 * d x +  (p ( 8 ) *x8+p  
( 9 ) * x 9 ) / 2 * d x + ( p ( 9 ) * x 9 + p ( 1 0 ) * x l 0 ) / 2 * d x + ( p ( 1 0 ) * x l 0 + p ( 1 0 ) * x l l ) / 2 * d x  
ne wL=( (ABA2 ) + ( y b - y a + d b ) A2 ) A0 . 5 + ( ( B C ) A2 + ( y c + d c - y b - d b ) A2 ) A0 . 5  
newLt=newL*2  
e e = ( n e w L t - L t ) / L t  
p o s t _ i n c r e a s e = e e * E p * A p  
p p = ( P - p o s t _ i n c r e a s e ) / P * 1 0 0  
i f  ( abs  (pp)  > 1)
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APPENDIX B
Computer program for the ACI and ISIS
c l e a r ;  
d = ; 
b = ; 
w = ; 
t  = ; 
f  = ;
E = ;
E2 = ;
A2 = ; 
e i  = ; 
e l  = ;
f o r  i  = [ 1 : 1 : 6 ]  
i f  i = = l
e l ( 1 , i ) = 0 . 0 0 0 5
P ( l , i )  = i n p u t ( '  The I n c r e a s e  i n  t h e  P o s t - t e n s i o n i n g  F o r c e  
( N e w t o n s ) : ' ) ;
P 2 ( 1 , i )  = 0;
p o s t ( l , i ) = ( ( P ( l , i ) - P 2 ( l , i ) ) / P ( l , i ) ) * 1 0 0 ;
e l s e
e l ( l , i ) = e l ( 1 , i - 1 ) + 0 . 0 0 0 3 8 5  
P ( 1 , i )  = P ( 1 , i - 1 ) + 1 0 e 3
% p a u s e  
P2 ( 1 ,  i )  = 0;
p o s t ( l , i ) = ( ( P ( l , i ) - P 2 ( l , i ) ) / P ( l , i ) ) * 1 0 0 ;
e nd
w h i l e  a b s  ( p o s t ( l , i ) )  > 0 . 2 5  | a b s  ( p o s t ( l , i ) )  < 0 
f o r  c = 1 3 0 : 0 . 5 : 4 7 5  
c ( 1 ) =c  
c c  ( 1 ,  i ) = c (1)
% p a u s e
p ( l , i )  = e l ( 1 , i ) / c ( 1 ) ;  
p p ( l , i ) = p ( l , i )  
c u r v a t u r e  = p ( l , i ) ;  
b2 = b- w;  
c 2  (1 ,  i )  = c  (1)  - t ;  
x ( l , i )  = d - c ( l ) ;
e 2  ( 1 , i )  = ( e l ( l , i ) * d / c ( l ) ) - e l ( l , i ) ;  
e 3 ( l , i )  = e 2 ( l , i )  + e i  ;
T e n d o n _ s t r a i n _ c g  = e 3 ( l , i ) ;
P r e t e n s i o n e d _ F o r c e  = ( e 3 ( l , i ) * E 2 * A 2 )
F ( l , i )  = e 3 ( 1 ,  i ) * E 2 * A 2 ;  
i f  c (1)  < t
c o m p ( 1 , i ) = ( f * b * p ( l , i ) * c ( l ) A2 / 0 . 0 0 2 4 8 )  * ( 1 -  
( p ( l , i ) * c ( l ) ) / ( 3 * 0 . 0 0 2 4 8 ) )  ;
compp = 0
c o m p f ( l , i )  = c o m p ( l , i )
t e n s ( 1 , i )  = e 3 ( 1 , i ) * E 2 * A 2  + P ( l , i )
R ( l , i )  = ( ( c o m p f ( 1 , i ) - t e n s ( 1 , i ) ) / c o m p f ( 1 , i ) ) * 1 0 0  
i f  a b s  ( R ( l , i ) )  > 0 & a b s  ( R ( l , i ) )  < 0 . 2 5  
b r e a k
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end
e l s e
c o m p ( 1 , i ) = ( f * b * p ( l , i ) * c ( 1 ) A2 / 0 . 0 0 2 4 8 ) *  ( 1 -  
( p ( l , i ) * c ( l ) ) / ( 3 * 0 . 0 0 2 4 8 ) ) ;
c o mp p { 1 , i ) = ( f * b 2 * p ( l , i ) * c 2 ( l , i ) A2 / 0 . 0 0 2 4 8 ) * ( l -  
( p ( l , i ) * c 2 ( l , i ) ) / ( 3 * 0 . 0 0 2 4 8 ) ) ;
c o m p f ( l , i )  = c o m p ( 1 , i ) - c o m p p ( 1 , i )  
t e n s ( 1 , i )  = e 3 ( l , i ) * E 2 * A 2  + P ( l , i )
R ( l , i )  = ( ( c o m p f ( 1 , i ) - t e n s ( 1 , i ) ) / c o m p f ( 1 , i ) ) * 1 0 0  
i f  a b s  ( R ( l , i ) ) > 0 & a b s  ( R ( l , i ) )  < 0 . 2 5  





i f  a b s  ( R ( l , i ) )  > 0 & a b s  ( R ( l , i ) )  < 0 . 2 5
i f  c (1)  < t
e b l ( 1 , i ) =  0 . 0 1 0 1 6  + 3 . 5 3 5 8 e - 4  + ( 1 2 9 5 - 1 0 2 -
C ( 1 ) * e l ( 1 , i ) / c  ( 1 ) ;
e b 2  ( 1 , i )  =  0 . 0 1 0 1 6  + 3 . 3 9 3 4 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 1 -
C ( 1 ) * e l ( 1 , i ) / c  ( 1 )  ;
e b 3 ( 1 , i )  =  0 . 0 1 0 1 6  + 3 . 2 5 1 1 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 2 -
c  ( 1 ) * e l ( 1 , i ) / c ( 1 ) ;
e b 4 ( 1 , i ) =  0 . 0 1 0 1 6  + 3 . 1 0 8 7 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 3 -
c  (1 ) * e l ( l , i ) / c ( l ) ;
e b 5 ( 1 , i ) =  0 . 0 1 0 1 6  +  2 . 9 6 6 4 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 4 -
C ( 1 ) * e l ( l , i ) / c ( l ) ;
e b 6 ( 1 , i ) =  0 . 0 1 0 1 6  + 2 . 8 2 4 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 5 -
C ( 1 ) * e l ( 1 , i ) / c ( 1 ) ;
e b 7 ( 1 , i )  =  0 . 0 1 0 1 6  + 2 . 6 8 1 7 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 6 -
C ( 1 ) * e l ( l , i ) / c ( l ) ;
e b 8 ( 1 , i ) =  0 . 0 1 0 1 6  + 2 . 5 3 9 5 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 7 -
c  ( 1 ) * e l ( 1 ,  i ) / c  ( 1 ) ;
e b 9 ( 1 , i )  =  0 . 0 1 0 1 6  +  2 . 3 9 6 9 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 8 -
C ( 1 ) * e l ( 1 ,  i ) / c ( 1 ) ;
e b l O ( 1 , i ) =  0 . 0 1 0 1 6  +  2 . 2 5 4 6 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 9 -
C ( 1 ) * e l ( 1 , i ) / c ( 1 ) ;
Ml ( 1 , i )  = ( f * b * p ( l , i ) * c ( l ) A3 / 0 . 0 0 2 4 8 ) * ( 0 . 6 6 7 -  
( p ( l , i ) * c ( 1 ) ) / ( 4 * 0 . 0 0 2 4 8 ) ) +  e 3 ( 1 , i ) * E 2 * A 2 * x ( l , i ) + P ( l , i ) * ( 9 4 5 - c ( l ) ) ;  
M o m e n t ( l , i )  = M l ( l , i )
F2 ( l , i )  = M l ( 1 , i ) / 8 3 7 1
e b s i ( I , i ) = ( 3 8 5 5 e 6 - 2 9 1 2 e 6 ) / ( M l ( 1 , i ) - 2 9 1 2 e 6 )
I c r ( 1 , i )  = M l ( l , i ) / ( E * p ( l , i ) )
I e  ( 1 , i )  = ( e b s i ( 1 , i ) ) A3 * 0 . 8 4 7 5 * 1 . 7 2 4 e l l  + ( 1 -  
( e b s i ( l , i ) ) A3 ) * I c r ( l , i )  ;
d l  ( 1 , i ) =  5 * 2 2 . 3 * 2 0 4 0 0 A4 / ( 3 8 4 * E * I e ( 1 , i ) ) +
5 * 3 . 7 5 * 2 0 4 0 0 A4 / ( 3 8 4 * E * I e ( l , i ) ) ;
d 2 ( l , i )  = F ( l , i ) * 0 . 0 1 5 7 7 7 * 7 1 0 0 * ( 3 * 2 0 4 0 0 A2 -  
4 * 7 1 0 0 A2 ) / 2 4 / E / I e ( l , i )  ;
d 3 ( 1 , i ) =  F ( l , i ) * 2 9 1 * 2 0 4 0 0 A2 / 8 / E / I e ( l , i ) ; 
d4 ( 1 , i )  = 2 * P ( l , i ) * 0 . 0 3 8 9 1 1 * 2 0 4 0 0 A3 / 4 8 / E / I e ( l , i )  + 
( P ( l , i ) * 0 . 0 8 7 1 5 6  -  P ( l , i ) * 0 . 0 3 8 9 1 ) * 6 6 0 8 * ( 3 * 2 0 4 0 0 A2 -  
4 * 6 6 0 8 A2 ) / 2 4 / E / I e ( 1 , i ) ;
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d5 ( 1 , i ) = F 2 ( l , i ) * 8 3 7 1 * ( 3 * 2 0 4 0 0 A2 -  
4 * 8 3 7 1 A2 ) / 2 4 / E / I e ( l , i ) ;
d t (1 ,  i ) = - d l ( 1 , i ) + d 2 ( 1 , i ) + d 3 ( 1 , i ) + d 4 { 1 , i ) - d 5 (1 ,  i ) ; 
z = 6 6 0 8 ;
d l l  ( 1 , i )  = 2 2 . 3 * z * ( 2 0 4 0 0 A3 -  
2 * 2 0 4 0 0 * z A2 + z A3 ) / ( 2 4 * E * I e ( l , i ) ) + 3 . 7 5 * z * ( 2 0 4 0 0 A3 -  
2 * 2 0 4 0 0 * z A2 + z A3 ) /  ( 2 4 * E * I e ( 1 , i ) ) ;
d 2 2 ( 1 , i )  = F ( l , i ) * 0 . 0 1 5 7 7 7 * z * ( 3 * 2 0 4 0 0 * 7 1 0 0 - 3 * 7 1 0 0 A2 -  
z A2 ) / 6 / E / I e ( 1 , i ) ;
d 3 3 ( 1 , i ) = F ( l , i ) * 2 9 1 * z * ( 2 0 4 0 0 - z ) / 2 / E / I e ( l , i ) ; 
d 4 4 ( 1 , i ) = 2 * P ( l , i ) * 0 . 0 3 8 9 1 1 * z * ( 3 * 2 0 4 0 0 A2 -  
4 * z A2 ) / 4 8 / E / I e ( l , i )  + ( P ( 1 , i ) * 0 . 0 8 7 1 5 6  -
P ( 1 , i ) * 0 . 0 3 8 9 1 ) * z * ( 3 * 2 0 4 0 0 * 6 6 0 8 - 3 * 6 6 0 8 A2 - z A2 ) / 6 / E / I e ( l , i ) ;
d 5 5 ( 1 , i )  = F 2 ( l , i ) * z * ( 3 * 2 0 4 0 0 * 8 3 7 1 - 3 * 8 3 7 1 A2 -  
z A2 ) / 6 / E / I e ( 1 , i ) ;
d t t  ( 1 ,  i )  = - d l l  ( 1 ,  i )  +d22 ( 1 ,  i )  +d33 (1 ,  i )  +d44 ( 1 , i )  -
d 5 5 ( 1 , i ) ;
LI = 1 6 3 9 0 ;
a l ( l , i )  = s q r t  ( 4 6 0 1 A2 + d t t ( l , i ) A2 -  
2*4 6 0 1 * a b s ( d t t ( 1 , i ) ) * c o s  ( 1 . 6 5 8 0 6 2 7 8 9 ) ) ;
b l ( 1 , i )  = s q r t  ( 3 5 9 4 A2 + ( d t ( 1 , i ) - d t t ( 1 , i ) ) A2 -  
2 * 3 5 9 4 * a b s ( d t ( 1 , i ) - d t t ( 1 , i ) ) * c o s  ( 1 . 6 0 9 7 1 7 1 6 9 ) ) ;
L2 ( 1 , i )  = a l ( 1 , i ) *2 + b l ( l , i ) * 2 ;  
n e w _ l e n g t h  = L 2 ( 1 , i ) 
e4 (1 ,  i )  = (L1-L2 ( 1 ,  i )  ) / L I ;
P2 ( 1 , i )  = - ( e 4 ( 1 , i ) * 3 1 1 6 * 1 2 0 0 0 0 ) ;  
N e w _ P o s t _ t e n s i o n i n g _ F o r c e  = P 2 ( l , i )  
p o s t ( l , i ) = ( ( P ( l , i ) - P 2 ( l , i ) ) / P ( l , i ) ) * 1 0 0 ;  
P ( l , i ) = P 2 ( l , i ) ;
e l s e
e b l ( 1 , i ) = 0 . 0 1 0 1 6  + 3 . 5 3 5 8 e - 4  + ( 1 2 9 5 - 1 0 2 -
C ( 1 ) * e l 1 , i ) /  c  ( 1 ) ;
e b 2 ( 1 , i ) =  0 . 0 1 0 1 6  + 3 . 3 9 3 4 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 1 -
C ( 1 ) * e l 1 , i ) /  c  ( 1 ) ;
e b 3 ( 1 , i ) = 0 . 0 1 0 1 6  + 3 . 2 5 1 1 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 2 -
C ( 1 ) * e l 1 ,  i ) / c  ( 1 )  ;
e b 4 ( 1 , i ) = 0 . 0 1 0 1 6  + 3 . 1 0 8 7 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 3 -
C ( 1 ) * e l 1 , i ) /  c  ( 1 ) ;
e b 5 ( 1 , i ) = 0 . 0 1 0 1 6  +  2 . 9 6 6 4 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 4 -
C ( 1 ) * e l l , i ) / c ( l ) ;
e b 6 ( 1 , i ) = 0 . 0 1 0 1 6  +  2 .  8 2 4 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 5 -
C ( 1 ) * e l 1 , i ) /  c  ( 1 ) ;
e b 7 ( 1 , i ) =  0 . 0 1 0 1 6  +  2 . 6 8 1 7 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 6 -
C ( 1 ) * e l 1 ,  i ) / c ( 1 ) ;
e b 8 ( 1 , i ) = 0 . 0 1 0 1 6  + 2 . 5 3 9 5 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 7 -
C ( 1 ) * e l 1 ,  i ) / c ( 1 )  ;
e b 9 ( 1 , i ) = 0 . 0 1 0 1 6  + 2 . 3 9 6 9 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 8 -
C ( 1 ) * e l 1 ,  i ) / c  ( 1 )  ;
e b l O ( 1 , i ) = 0 . 0 1 0 1 6  + 2 . 2 5 4 6 e - 4  + ( 1 2 9 5 - 1 0 2 - 7 0 * 9 -
C(1 ) * e l 1 ,  i ) /  c  ( 1 ) ;
M1( 1 , i ) =  ( f * b * p ( 1 , i ) * c ( l ) A3 / 0 . 0 0 2 4 8 ) *  ( 0 . 6 6 7 -  
(p (1 ,  i )  * c  (1)  ) /  ( 4 * 0 . 0 0 2 4 8 )  ) -  ( f  * b 2 * p  ( 1 ,  i )  * c 2  ( 1 ,  i )  A3 / 0  . 0 0 2 4 8 )  * ( 0 . 6 6 7 -  
( p ( l , i ) * c 2 ( l , i ) ) / ( 4 * 0 . 0 0 2 4 8 ) ) +  e 3 ( 1 ,  i ) * E 2 * A 2 * x ( 1 , i )  + P ( 1 ,  i ) * ( 9 4 5 - c ( 1 ) )  
M o m e n t ( l , i )  = M l ( 1 , i )
F 2 ( 1 , i ) = M l ( 1 , i ) / 8 3 7 1
e b s i ( I , i ) = ( 3 8 5 5 e 6 - 2 9 1 2 e 6 ) / ( M l ( 1 , i ) - 2 9 1 2 e 6 )
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I c r  (1 ,  i )  = Ml (1,  i )  /  (E*p (1,  i )  )
I e ( 1 , i )  = ( e b s i ( l , i ) ) A3 * 0 . 8 4 7 5 * 1 . 7 2 4 e l l  + ( 1 -  
( e b s i ( l , i ) ) A3 ) * I c r ( l , i ) ;
d l  ( 1 , i )  = 5 * 2 2 . 3 * 2 0 4 0 0 A4 / ( 3 8 4 * E * I e ( l , i ) ) + 
5 * 3 . 7 5 * 2 0 4 0 0 A4 / ( 3 8 4 * E * I e ( l , i ) )
d2 ( 1 , i )  = F ( l , i ) * 0 . 0 1 5 7 7 7 * 7 1 0 0 * ( 3 * 2 0 4 0 0 A2 -  
4 * 7 1 0 0 A2 ) / 2 4 / E / I e ( l , i ) ;
d 3 ( 1 , i ) = F ( 1 , i ) * 2 9 1 * 2 0 4 0 0 A2 / 8 / E / I e ( l , i ) ;
d4 ( 1 , i )  = 2 * P ( l , i ) * 0 . 0 3 8 9 1 1 * 2 0 4 0 0 A3 / 4 8 / E / I e ( l , i )  +
( P ( 1 , i ) * 0 . 0 8 7 1 5 6  -  P ( l , i ) * 0 . 0 3 8 9 1 ) * 6 6 0 8 * ( 3 * 2 0 4 0 0 A2 -  
4 * 6 6 0 8 A2 ) / 2 4 / E / I e ( 1 , i ) ;
d5 ( l , i ) =  F 2 ( l , i ) * 8 3 7 1 * ( 3 * 2 0 4 0 0 A2 -  
4 * 8 3 7 1 A2 ) / 2 4 / E / I e ( l , i ) ;
d t ( 1 , i ) = - d l (1,  i ) + d 2 ( 1 , i ) + d 3 ( 1,  i ) + d 4 ( 1 , i ) - d 5 ( 1 , i ) ;  
z=6 6 0 8
d l l  ( 1 , i )  = 2 2 . 3 * z * ( 2 0 4 0 0 A3 -  
2 * 2 0 4 0 0 * z A2 + z A3 ) /  ( 2 4 * E * I e ( 1 , i ) ) + 3 . 7 5 * z * ( 2 0 4 0 0 A3 -  
2 * 2 0 4 0 0 * z A2 + z A3 ) / ( 2 4 * E * I e ( 1 , i ) ) ;
d 22  ( 1 , i )  = F ( l , i ) * 0 . 0 1 5 7 7 7 * z * ( 3 * 2 0 4 0 0 * 7 1 0 0 - 3 * 7 1 0 0 A2- 
z A2 ) / 6 / E / I e ( l , i ) ;
d 3 3 ( 1 , i ) =  F ( l , i ) * 2 9 1 * z * ( 2 0 4 0 0 - z ) / 2 / E / I e ( l , i ) ; 
d 4 4 ( 1 , i ) = 2 * P ( 1 , i ) * 0 . 0 3 8 9 1 1 * z *  ( 3 * 2 0 4 0 0 A2 -  
4 * z A2 ) / 4 8 / E / I e ( 1 , i )  + ( P ( 1 , i ) * 0 . 0 8 7 1 5 6  -
P ( l , i ) * 0 . 0 3 8 9 1 ) * z * ( 3 * 2 0 4 0 0 * 6 6 0 8 - 3 * 6 6 0 8 A2 - z A2 ) / 6 / E / I e ( 1 , i ) ;
d 5 5 ( 1 , i )  = F 2 ( 1 , i ) * z * ( 3 * 2 0 4 0 0 * 8 3 7 1 - 3 * 8 3 7 1 A2 -  
z A2 ) / 6 / E / I e ( 1 , i ) ;
d t t  ( 1 ,  i )  = - d l l  ( 1 ,  i )  +d22 (1 ,  i )  +d33  ( 1 ,  i )  +d44 ( 1 ,  i )  -
d55  ( l , i ) ;
LI = 1 6 3 9 0 ;
a l ( 1 , i ) =  s q r t  ( 4 6 0 1 A2 + d t t ( l , i ) A2 -  
2 * 4 6 0 1 * a b s ( d t t ( 1 ,  i ) ) * c o s  ( 1 . 6 5 8 0 6 2 7 8 9 ) ) ;
b l ( l , i )  = s q r t  ( 3 5 9 4 A2 + ( d t ( 1 , i ) - d t t ( 1 , i ) ) A2 -  
2 * 3 5 9 4 * a b s ( d t ( 1 , i ) - d t t ( 1 , i ) ) * c o s  ( 1 . 6 0 9 7 1 7 1 6 9 ) ) ;
L2 ( 1 , i )  = a l ( 1 , i ) *2 + b l ( l , i ) * 2 ;  
n e w _ l e n g t h (1,  i )  = L 2 ( l , i )  
e 4  ( 1 ,  i )  = (L1-L2 ( 1 ,  i )  ) / L I ;
P 2 ( l , i )  = - ( e 4 ( 1 , i ) * 3 1 1 6 * 1 2 0 0 0 0 ) ;  
N e w _ P o s t _ t e n s i o n i n g _ F o r c e  = P 2 ( l , i )  
p o s t ( l , i ) - ( ( P ( l , i ) - P 2 ( l , i ) ) / P ( l , i ) * 1 0 0 ) ;
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APPENDIX C
Computer Program for the CEB-FIP Approach
c l e a r ;  
d = ; 
b = ; 
w = ; 
t  = ; 










y c = ;
L c r = ;
d x = ( 8 3 7 1 - L c r ) / 1 0
x l = L c r + d x
x 2 = L c r + 2 * d x
x 3 = Lc r + 3 * d x
x 4 = Lc r + 4 * d x
x 5 = Lc r + 5 * d x
x 6 = L c r + 6 * d x
x 7 = Lc r + 7 * d x
x 8 = Lc r + 8 * d x
x 9 = Lc r + 9 * d x
x l 0 = L c r + 1 0 * d x
x l l = ;
p c r = ;
e i  = ;
e l  = ;
P=;
p o s t _ i n c r e a s e = 0  
p p = ( P - p o s t _ i n c r e a s e ) / P * 1 0 0  
1=1  
j = l
M l = z e r o s ( 1 0 , 1 ) ;
M 2 = z e r o s ( 1 0 , 1 ) ;  
m m = z e r o s ( 1 0 , 1 ) ;
w h i l e  ( abs  (pp)  > 1 I a b s  (pp)  < 0) 
f o r  i  = 1 : 1 : 1 0  
f l a g = 0 ;  
f o r  i  = 1 : 1 : 1 0  
f l a g = 0 ;  
i f  i = = l
Ml = i n p u t ( '  APPLIED MOMENT :' );
M2( i )  = 0;
m m ( i ) = ( ( M 1 - M 2 ( i ) ) / M l ) * 1 0 0
e l s e
Ml= i n p u t ( ’ APPLIED MOMENT :' );
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mm{i) = ( (Ml-M2 ( i ) ) /Ml) *100
end
w h i l e  ( a bs  (mm( i ) )  > 1 | a b s  ( m m ( i ) ) < 0) & f l a g = = 0  
j = l ;
w h i l e  ( j <=340  & f l a g = = 0 )  
i f  j = = l
e l ( i ) = 0 . 00 0 9 5 5
e l s e
e l ( i ) = e l ( i ) - 0 . 0 0 0 0 1
end
c ( i ) =5;
w h i l e  ( c ( i ) < = 3 0 0 0  & f l a g = = 0 )  
c  ( i )
% pause
p ( i )  = e l  ( i )  / c  ( i )  ; 
c u r v a t u r e  = p ( i ) ;  
b2 = b - w ;  
c2  ( i )  = c  ( i )  - t ;  
x ( i )  = d - c ( i ) ;
e 2 ( 1 , i )  = ( e l ( 1 ,  i ) * d / c ( i ) ) - e l  ( 1 , i ) ; 
e 3 ( i )  = e 2  ( i )  + e i  ;
T e n d o n _ s t r a i n _ c g  = e 3 ( i ) ;
P r e t e n s i o n e d _ F o r c e  = ( e 3 ( i ) * E 2 * A 2 ) ;
F ( i )  = e 3 ( i ) * E 2 * A 2 ;  
i f  c (1)  < t
c o m p ( i )  = ( ( f * b * p ( i ) * c ( i ) A2 ) / 0 . 0 0 2 4 8 ) * ( 1 -
( p ( i ) * c ( i ) ) / ( 3 * 0 . 0 0 2 4 8 ) ) ;
compp = 0;
c o m p f ( i )  = c o m p ( i ) ;
t e n s ( i )  = e 3 ( i ) * E 2 * A 2  + P ;
R (i ) = ( ( c o m p f ( i ) - t e n s ( i ) ) / c o m p f ( i ) ) * 1 0 0
e l s e
c o m p ( i )  = ( f * b * p ( i ) * c ( i ) * 2 / 0 . 0 0 2 4 8 ) * ( 1 -
( p ( i ) * c ( i ) ) / ( 3 * 0 . 0 0 2 4 8 ) )  ;
c o m p p (i ) = ( f * b 2 * p ( i ) * c 2 ( i ) * 2 / 0 . 0 0 2 4 8 ) * ( l -
(p ( i )  * c 2 ( i ) ) / ( 3 * 0 . 0 0 2 4 8 ) ) ;
c o m p f ( i )  = c o m p ( i ) - c o m p p ( i ) ; 
t e n s ( i )  = e 3 ( i ) * E 2 * A 2  + P;
R ( i )  = ( ( c o m p f ( i ) - t e n s ( i ) ) / c o m p f ( i ) ) * 1 0 0
end
i f  a b s  ( R ( i ) )  > 0 & a b s  (R ( i ) )  < 1 
i f  c (1)  < t  
M2 ( i )  =
( f * b * p ( i ) * c ( i ) A3 / 0 . 0 0 2 4 8 ) * ( 0 . 6 6 7 - ( p ( i ) * c ( i ) ) /  ( 4 * 0 . 0 0 2 4 8 ) )  + 
e 3 ( i ) * E 2 * A 2 * x ( i ) +  P * ( 9 4 5 - c ( i ) )
mm ( i )  = ( ( M 1 - M 2 ( i ) ) / M l ) *100
%pause
I c r ( i )  = M2( i ) / ( E * p ( i ) ) ;
z e t a ( i ) = 1 - 0 . 5 0 * ( ( 3 8 5 5 e 6 - 2 9 1 2 e 6 ) / ( M 2 ( i )
2 9 1 2 e 6 ) ) ;
p g ( i ) = ( M 2 ( i ) / E / 1 . 7 2 4 e l l ) ; 
p e r ( i ) = ( M 2 ( i ) / E /  I c r ( i ) ) ;  
p e ( i ) = ( 1 - z e t a ( i ) ) * p g ( i ) + z e t a ( i ) * p c r ( i )
%pause
i f  a b s  ( mm( i ) )  < 1 & a b s  ( mm( i ) )  > 0 
f l a g = l ;
e n d
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break
e l s e
M2( i )  =
( f * b * p ( i ) * c  ( i ) A3 / 0 . 0 0 2 4 8 ) * ( 0 . 6 6 7 - ( p ( i ) * c ( i ) ) / ( 4 * 0 . 0 0 2 4 8 ) )  -  
( f * b 2 * p  ( i )  *c 2  ( i )  A3 / 0 . 002 4 8 )  * ( 0 .  6 6 7 - (p ( i )  *c 2  ( i )  ) /  ( 4 * 0 . 0 0 2 4 8 ) )  + 
e 3 ( i ) * E 2 * A 2 * x ( i )  + P * ( 9 4 5 - c ( i ) )
m m ( i ) = ( ( M l - M 2 ( i ) ) / M l ) * 1 0 0  
%pause
I c r ( i )  = M2( i ) / ( E * p ( i ) ) ;
z e t a ( i ) = 1 - 0 . 5 0 * ( ( 3 8 5 5 e 6 - 2 9 1 2 e 6 ) / ( M 2 ( i ) -
2 9 1 2 e 6 ) ) ;
p g ( i ) = ( M 2 ( i ) / E / 1 . 7 2 4 e l l ) ; 
p e r ( i )  = (M2 ( i ) / E /  I c r ( i ) ) ;  
p e ( i ) = ( 1 - z e t a ( i ) ) * p g ( i ) + z e t a ( i ) * p c r ( i ) ;
%pause
i f  a b s  (i tim(i))  < 1 & a b s  (mm(i )  ) > 0 
f l a g = l ;
e n d
b r e a k
e n d
end
c  ( i )  = c  ( i )  + 0 . 5 ;
e n d




L = ( ( ABA2 ) + ( y b - y a ) A2 ) A0 . 5 + ( (BC)A2 + ( y c - y b ) A2 ) A0 . 5  
Lt =L*2
db= ( p c r * L c r / 2 ) * L c r + ( p c r * L c r + p ( 1 ) * x l ) / 2 * d x + ( p ( 1 ) * x l + p ( 2 ) * x 2 ) / 2 * d x + ( p ( 2 ) *  
x 2 + p (3) * x 3 ) / 2 * d x + ( p ( 3 ) * x 3 + p ( 4 ) * x 4 ) / 2 * d x + ( p ( 4 ) * x 4 + p ( 5 ) * x 5 ) / 2 * d x
d c = ( p c r * L c r / 2 ) * L c r + ( p c r * L c r + p ( 1 ) * x l ) / 2 * d x + ( p ( 1 ) * x l + p ( 2 ) * x 2 ) / 2 * d x + ( p ( 2 ) *  
x 2+p (3) *x3)  / 2 * d x +  (p (3)  *x3+p (4)  * x 4 ) / 2 * d x +  (p (4) *x4+p (5)  *x5)  / 2 * d x +  (p (5)  *x5  
+p (6) *x6)  / 2 * d x +  (p (6)  * x 6 +p  (7)  * x 7 ) / 2 * d x +  (p (7)  * x 7 +p  (8) * x 8 ) / 2 * d x +  (p (8)  *x8+p  
(9)  *x9)  / 2 * d x +  (p (9)  * x 9 + p  (10)  * x l 0 )  / 2 * d x +  (p (10)  * x l 0 + p  (10)  * x l l )  / 2 * d x
n e w L = ( (ABA2 ) + ( y b - y a + d b ) A2 ) A0 . 5 + ( ( B C ) A2 + ( y c + d c - y b - d b ) A2 ) A0 . 5
newLt=newL*2
e e = ( n e w L t - L t ) / L t
p o s t _ i n c r e a s e = e e * E p * A p
p p = ( P - p o s t _ i n c r e a s e ) / P * 1 0 0
i f  ( a b s  (pp)  > 1)
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APPENDIX D 
Effective Curvature Obtained form the Analytical Model













1 187 0.000530 0.5269
2 188 0.000564 0.5439
3 190 0.000597 0.5787
4 192 0.000631 0.6087
5 194 0.000664 0.6270
6 196 0.000698 0.6381
7 198 0.000732 0.6966
8 199 0.000798 0.7286
9 201 0.000832 0.7290
10 203 0.000900 0.7311
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1 192 0.000631 0.6087
2 199 0.000798 0.7286
3 206 0.000915 0.7481
4 213 0.000952 0.8641
5 220 0.000974 0.8589
6 226 0.000995 0.8789
7 233 0.001015 0.9048
8 240 0.001048 1.1080
9 247 0.001068 1.1360
10 254 0.001100 1.3610













1 197 0.000732 0.6466
2 209 0.000935 0.8422
3 221 0.000984 0.8621
4 233 0.001015 0.9048
5 245 0.001059 1.1200
6 257 0.001136 1.4050
7 269 0.001201 1.4920
8 281 0.001302 1.6240
9 293 0.001402 1.7110
10 305 0.001470 1.7390
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1 202 0.000866 0.7384
2 219 0.000963 0.8524
3 236 0.001026 0.9175
4 253 0.001081 1.3210
5 271 0.001235 1.5360
6 288 0.001335 1.6670
7 305 0.001470 1.7390
8 322 0.001661 2.0690
9 339 0.001724 2.1790
10 356 0.001915 2.4000













1 207 0.000921 0.7492
2 229 0.001005 0.8921
3 251 0.001079 1.2490
4 273 0.001268 1.5790
5 296 0.001436 1.7280
6 318 0.001597 1.9590
7 340 0.001787 2.2890
8 362 0.002040 2.5780
9 384 0.002182 2.9330
10 406 0.002360 3.1100
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1 211 0.000942 0.8355
2 237 0001037 0.9880
3 264 0.001672 1.4480
4 290 0.001369 1.6920
5 316 0.001533 1.8490
6 342 0.001851 2.3110
7 368 0.002093 2.7550
8 395 0.002271 2.9980
9 421 0.002750 3.8140
10 467 0.002990 3.9680













1 169 0.000420 0.5590
2 173 0.000460 0.6070
3 176 0.000490 0.7030
4 180 0.000530 0.7990
5 184 0.000605 0.8950
6 188 0.000610 0.9430
7 192 0.000650 0.9910
8 195 0.000690 1.0870
9 199 0.000730 1.1350
10 203 0.000770 1.2100
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1 174 0.000470 0.6550
2 183 0.000600 0.8470
3 192 0.000650 0.9910
4 201 0.000740 1.1830
5 209 0.000930 1.3520
6 218 0.001090 1.4940
7 227 0.001000 1.7070
8 236 0.001200 1.9200
9 245 0.001350 2.0620
10 254 0.001400 2.1790













1 179 0.000500 0.7510
2 193 0.000700 1.0390
3 207 0.000850 1.2810
4 221 0.001100 1.5650
5 235 0.001200 1.8490
6 249 0.001390 2.1330
7 263 0.001620 2.3620
8 278 0.001690 2.4230
9 291 0.001840 3.0223
10 305 0.002000 3.3793
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1 188 0.000610 0.943
2 211 0.001010 1.423
3 234 0.001200 1.778
4 257 0.001470 2.240
5 280 0.001760 2.440
6 302 0.001980 3.260
7 325 0.002340 3.617
8 348 0.002610 3.855
9 371 0.002910 4.093
10 407 0.003285 4.106













1 184 0.000605 0.8950
2 203 0.000770 1.2100
3 222 0.001100 1.6360
4 241 0.001300 1.9910
5 261 0.001550 2.3010
6 280 0.001760 2.4480
7 299 0.001910 3.1413
8 318 0.002170 3.4983
9 337 0.002510 3.7363
10 363 0.002820 3.9743
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1 3993 0.000417 1.328
2 4130 0.000499 1.515
3 4268 0.000520 1.738
4 4406 0.000536 1.774
5 4544 0.000547 2.149
6 4681 0.000563 2.340
7 4819 0.000575 2.716
8 4957 0.000592 2.940
9 5094 0.000651 3.130
10 5232 0.000669 3.470













1 3888 0.000326 1.235
2 3921 0.000351 1.265
3 3954 0.000375 1.274
4 3987 0.000397 1.290
5 4020 0.000437 1.362
6 4054 0.000455 1.434
7 4087 0.000470 1.457
8 4120 0.000491 1.513
9 4153 0.000506 1.594
10 4186 0.000510 1.681
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1 4202 0.000515 1.683
2 4549 0.000552 2.152
3 4896 0.000586 2.880
4 5243 0.000670 3.500
5 5590 0.000723 3.790
6 5937 0.000833 4.560
7 6284 0.000910 5.110
8 6631 0.001045 5.700
9 6978 0.001090 5.960
10 7325 0.001180 6.831













1 4097 0.000481 1.458
2 4339 0.000531 1.768
3 4582 0.000558 2.250
4 4824 0.000580 2.820
5 5066 0.000647 3.020
6 5309 0.000678 3.690
7 5551 0.000696 3.740
8 5793 0.000803 4.400
9 6036 0.000856 4.660
10 6278 0.000903 4.860
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1 4307 0.000525 1.739
2 4758 0.000569 2.680
3 5210 0.000666 3.220
4 5661 0.000750 3.810
5 6133 0.000883 4.770
6 6547 0.001010 5.230
7 7016 0.001135 6.030
8 7468 0.001255 6.912
9 7919 0.001405 7.660
10 8371 0.001530 8.690













1 4490 0.000541 1.784
2 5126 0.000655 3.200
3 5762 0.000767 3.900
4 6398 0.000955 5.200
5 7034 0.001154 6.260
6 7666 0.001330 6.944
7 8305 0.001480 8.080
8 8941 0.001725 9.600
9 9577 0.002146 11.336
10 10840 0.002430 13.740
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APPENDIX E 
Tables for ACI, ISIS and CEB-FIP Approaches



















197 0.001000 331 766
225 0.001236 270 516
272 0.001600 236 354
299 0.001940 216 284
310 0.002020 202 246
359 0.002465 192 223
383 0.002740 184 208
397 0.002896 177 196
422 0.003105 172 188
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201 0.001010 330 438
233 0.001280 269 309
270 0.001650 234 256
291 0.001880 214 228
312 0.002170 201 210
342 0.002440 189 198
375 0.002790 182 189
384 0.002896 175 181
416 0.003200 171 175



















233 0.001500 238 260
255 0.001800 216 229
277 0.002000 200 208
297 0.002300 188 194
315 0.002500 179 184
332 0.002800 172 175
346 0.003000 165 169
356 0.003200 161 163
364 0.003400 156 159
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233 0.001640 237 246
250 0.001830 214 220
271 0.002080 199 203
288 0.002380 188 190
309 0.002262 179 181
324 0.002620 172 173
339 0.002920 165 166
350 0.003080 160 162
360 0.003370 155 157

















981 0.000560 5.9795 9.4019
1250 0.000865 3.1842 3.7872
1550 0.001270 2.3229 2.5584
1856 0.001655 1.9866 2.0854
2057 0.002080 1.7831 1.8450
2340 0.002467 1.6570 1.6971
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981 0.000570 5.8705 8.5419
1250 0.000950 3.0337 3.3383
1550 0.001350 2.1429 2.4162
1856 0.001790 1.9787 2.0260
2047 0.001970 1.7814 1.8114
2245 0.002430 1.6406 1.6760



















1 211 0.001060 1.6850 0.2906 1.0851
2 237 0.001222 2.2800 0.3257 1.5531
3 264 0.001492 2.9260 0.3631 2.0210
4 290 0.001723 3.5650 0.3994 2.4350
5 316 0.001971 4.1980 0.4348 2.6570
6 342 0.002400 4.8440 0.4701 3.0470
7 368 0.002760 5.5330 0.5068 3.4800
8 395 0.003000 6.2610 0.5438 3.9000
9 421 0.003167 7.0210 0.5800 4.1960
10 424 0.003250 7.2920 0.5913 4.3160
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1 188 0.000750 1.3160 0.2576 1.1030
2 211 0.001030 1.9600 0.2892 1.7170
3 234 0.001180 2.6020 0.3201 2.3070
4 257 0.001470 3.2580 0.3512 3.1330
5 280 0.001700 3.9530 0.3834 3.5620
6 302 0.001900 4.6190 0.4137 4.2144
7 325 0.002330 5.3100 0.4447 5.1120
8 348 0.002610 6.0480 0.4769 5.7140
9 352 0.002810 6.4210 0.5085 6.3008
10 365 0.003200 7.5860 0.5395 6.6080



















1 4490 0.000574 2.6698 0.7441 1.9821
2 5126 0.000811 6.2045 0.8495 5.2330
3 5762 0.001060 7.1716 0.9549 6.4910
4 6398 0.001355 7.6267 1.0600 7.1462
5 7034 0.001584 7.7727 1.1660 7.4269
6 7666 0.001738 7.9799 1.2700 7.7159
7 8305 0.001846 8.3388 1.3760 8.1259
8 8941 0.002110 11.4086 1.4820 11.1658
9 9077 0.002360 12.8209 1.5870 12.5960
10 9489 0.002410 14.9115 1.6925 14.6910
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APPENDIX F
Example on the Design Procedure
The following example outlines the design procedure as applied for the DT-beam 
used in this research work. The DT-beam has a span of 20.4 m, overall height of 1295mm 
and a width of 2120 mm. Leadline tendons are used to pretension the DT-beam they have 
a tensile strength of 2860 MPa and a tensile modulus of 147 GPa. CFCC strands are used 
for the DT-beam post-tensioning; they have a tensile strength of 1870 MPa and a tensile 
modulus of 127 GPa
Step 1 -  Estimate the post-tensioning force
Naaman and Alkhairi (1991) bond reduction coefficient procedure is used to 
estimate the stress in the unbonded tendons as follows,
n  = _ m _  = -----   = 0.357
" L i d  p 15650/1035 (F-l)
Af p = n uE CF£cu - L - l  = 544MPa
CL *■ '« i
'u CF cu (F-2)
fp  = fpe + ¥ P= 584 + 544 = 1128 MPa (F-3)
Step 2 -  Calculate the required moment capacity
Total dead load of the beam = 632 kN
Dead load / unit length, Wd = 632/20.4 = 31 kN/m
Dead load moment at mid span = M t
135
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Let Wl be the total live load acting on the beam through 4-point loading system. The
distance between the support and the nearest concentrated load is 8.371 m.
Design load = 611 kN
Live load moment = 5115 kN.m
Required moment capacity = 1.25M d +1 AM, = 9176 kN.m (F-4)
Step 3 -  Calculate the cracking moment 
1# (l2.9 + 4.4l)l.7241511 „ ^ 1XT
M rr = i ------------- L------------ = 3657 kN.m (F-5)
820
The uncracked region, Lmcracked = 3160 mm from the support 
The cracked region has a length of 14.08 is then subdivide into small cracked regions. 
The flexural capacity of the section is then calculated according to the proposed design 
procedure and was found to be 10840 kN.m
</>Mn >Mrequired (F-6)
= 0.85*10840 = 9214 kN.m > 9176 kN.m
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